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Foreword

ith the Mathematics Framework for California Public Schools: Kindergarten Through Grade
Twelve (framework), we take the next steps on a path toward our goal of college and
career readiness for all of California’s students. This journey began with the adoption
of the California Common Core State Standards for Mathematics (CA CCSSM) in August 2010, which
sparked exciting and important shifts in mathematics instruction and learning. The journey will
continue as schools and districts bring the CA CCSSM to life in classrooms throughout the state.
This framework is part of that effort.

Focus, coherence, and rigor—the three major instructional shifts under the CA CCSSM—are the
principles underlying a new direction for student learning. The promise of the CA CCSSM is instruction
and learning that promotes problem solving, communication skills, and critical thinking. To meet this
promise, students must experience a balanced approach to instruction and learning that supports
conceptual understanding, procedural skill and fluency, and application of mathematics to real-world
problems.

Mathematics is essential to living in and understanding the world. We apply mathematics when we
check our pockets to be sure we have enough money for a purchase, measure ingredients for making
dinner, or evaluate the evidence in a debate on local government spending. Mathematicians and
scientists apply mathematics to determine how much thrust is needed to launch a spacecraft, to plot
its course into space, and ensure that it lands safely. Understanding and being able to apply mathemat-
ics opens the doors to college and to careers in fields as varied as automobile mechanics, architecture,
construction, medicine, engineering, economics, and the arts. In addition, exploring mathematical
concepts, working collaboratively on engaging tasks, and presenting and critiquing arguments—all

of which are required by the CA CCSSM—help prepare students for life after high school.

It will take a concerted effort for all students to meet the goal of college and career readiness, and the
path will not always be easy. Teachers, administrators, other educators, parents and family members,
community members, education stakeholders, policymakers, institutes of higher education, early
learning programs, and students all have vital roles to play. Working together, embracing the challenge
and the promise of providing all students with high-quality, standards-based mathematics instruction,
we can help our children reach their personal college and career goals.

We invite you to join us on the journey toward college and career readiness for California’s students
and offer this mathematics framework as a guide.

o Jon/akeson Whaod ¥ firt

TOM TORLAKSON MICHAEL W. KIRST
State Superintendent of Public Instruction President, California State Board of Education
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Introduction

The highest form of pure thought is mathematics.
—Plato (427-347 BCE)

ocus, coherence, and rigor, the underlying principles of the California Common Core State

Standards for Mathematics (CA CCSSM), hold the promise of preparing all California students

for college, careers, and civic life—and developing mathematically competent individuals
who can use mathematics as a tool for making wise decisions in their personal lives, a foundation for
rewarding work, and a means for comprehending and influencing the world in which they will live. This
framework supports these ambitious goals by emphasizing mathematical instruction and learning that
focus on key topics, build mathematical understanding and fluency in a coherent manner, and develop
students’ ability to apply mathematics creatively to analyze and solve complex problems.

Why Is Mathematics Important?

Mathematics impacts everyday life, future careers, and good citizenship. A solid foundation in mathe-
matics prepares students for future occupations in fields such as business, medicine, science, engineer-
ing, and technology. Students’ understanding of probability and the ability to quantify and analyze
information enable them to interpret economic data, participate in political discussions, and make wise
personal financial decisions. Mathematical modeling is a tool for solving everyday problems, making
informed decisions, improving life skills (e.g., logical thinking, reasoning, and problem solving),
planning, designing, predicting, and developing financial literacy.

Success in mathematics education provides students with college and career options and increases
prospects for future income. Knowledge and understanding of high school mathematics correlates

to access to college, graduation from college, and earnings in the top quartile of income from
employment. The value of such preparation promises to be even greater in the future. The National
Science Board indicates that the growth of jobs in the mathematics-intensive science and engineering
workforce is outpacing overall job growth by a 3-to-1 ratio (National Mathematics Advisory Panel 2008).

Mathematics Achievement

With regard to achievement in mathematics, students in the United States have not kept pace with their
international peers. Achievement gaps still exist throughout the country, college remediation rates are
too high, and some students are unprepared to perform and thrive in the workforce. California’s
student achievement data reflect similar challenges for some students. The 2011 National Assessment
of Educational Progress (NAEP) results indicate that California’s fourth- and eighth-grade students
continue to make incremental gains in their mathematics scores; however, too many students also
continue to place at the “Basic” achievement level, which denotes partial mastery of fundamental skills
(California Department of Education [CDE] 2011).
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Standards Implementation

The CA CCSSM resemble the standards of the highest-achieving nations and reflect the importance of
focus, coherence, and rigor. California’s implementation of the CA CCSSM demonstrates a commitment
to providing a world-class education for all students, narrowing the achievement gap, supporting
lifelong learning, and helping students develop the skills and knowledge necessary to fully participate
in the global economy of the twenty-first century. The CA CCSSM build on California’s standards-based
educational system in which standards, curriculum, instruction, assessment, and accountability are
aligned to support student attainment of the standards. Teachers and local school officials, in
collaboration with families and community partners, use standards to help students achieve
academic success (CDE 2012c).

California Common Core State Standards for Mathematics

For more than a decade, research conducted on mathematics education in high-performing countries
has pointed to the conclusion that the mathematics curriculum in the United States must become
substantially more focused and coherent to improve mathematics achievement in this country. The
national Common Core State Standards for Mathematics, as well as the CA CCSSM, were established to
address the problem of having a curriculum that is “a mile wide and an inch deep” (National Governors
Association Center for Best Practices, Council of Chief State School Officers [NGA/CCSSO] 2010¢).

These standards were informed by international benchmarking and began with research-based learning
progressions detailing what is known about how students’ mathematical knowledge, skills, and
understanding develop over time. The progression from kindergarten standards to standards for higher
mathematics exemplifies the three principles of focus, coherence, and rigor that underlie the CA CCSSM.
The standards stress conceptual understanding, procedural skill and fluency, and application to ensure
that students will learn and absorb the critical information necessary to succeed at higher levels of
mathematics and can apply their learning in increasingly complex situations.

The CA CCSSM include two types of standards: Standards for Mathematical Practice, which are the same
at each grade level; and Standards for Mathematical Content, which are different at each grade level.
These two types of standards address both “habits of mind” that students should develop to foster
mathematical understanding and expertise, and skills and knowledge—what students need to know
and be able to do. The standards also call for mathematical practices and mathematical content to be
connected as students engage in mathematics. The Standards for Mathematical Practice are defined in
the Overview of the Standards Chapters. In addition, the Standards for Mathematical Content and

the Standards for Mathematical Practice are listed at the end of each grade level (K-8) and higher
mathematics course.
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Guiding Principles for Mathematics Programs in California

Five guiding principles' underlie the Standards for Mathematical Practice, Standards for Mathematical
Content, and other resources in this framework; see table IN-1. These philosophical statements should
guide the construction and evaluation of mathematics programs in schools and the broader community.
The Standards for Mathematical Practice are interwoven throughout the guiding principles.

Table IN-1. Guiding Principles for Mathematics Programs in California

Guiding Principle 1: Learning
Mathematical ideas should be explored in ways that stimulate curiosity, create enjoyment of mathematics,
and develop depth of understanding.

Guiding Principle 2: Teaching

An effective mathematics program is based on a carefully designed set of content standards that are clear and
specific, focused, and articulated over time as a coherent sequence.

Guiding Principle 3: Technology
Technology is an essential tool that should be used strategically in mathematics education.

Guiding Principle 4: Equity
All students should have a high-quality mathematics program that prepares them for college and careers.

Guiding Principle 5: Assessment
Assessment of student learning in mathematics should take many forms to inform instruction and learning.

Guiding Principle 1: Learning
Mathematical ideas should be explored in ways that stimulate curiosity, create enjoyment of
mathematics, and develop depth of understanding.

Students need to understand mathematics deeply and use it effectively. The Standards for Mathematical
Practice describe ways in which students increasingly engage with the subject matter as they grow in
mathematical maturity and expertise through the elementary, middle, and high school years.

For students to achieve mathematical understanding, instruction and learning must balance
mathematical procedures and conceptual understanding. Students should be actively engaged in doing
meaningful mathematics, discussing mathematical ideas, and applying mathematics in interesting,
thought-provoking situations. Student understanding is further developed through ongoing reflection
about cognitively demanding and worthwhile tasks.

1. The guiding principles were adapted from the Massachusetts Curriculum Frameworks and are included by permission of the
Massachusetts Department of Elementary and Secondary Education. The complete and current version of each Massachusetts
curriculum framework is available at http://www.doe.mass.edu/frameworks/current.html (accessed May 9, 2014).
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Tasks should be designed to challenge students in multiple ways. Short- and long-term investigations
that connect procedures and skills with conceptual understanding are integral components of an effec-
tive mathematics program. Activities should build upon students’ curiosity and prior knowledge and
enable them to solve progressively deeper, broader, and more sophisticated problems; see MP.1 (Make
sense of problems and persevere in solving them) in table OV-2 of the Overview of the Standards Chap-
ters. Mathematical tasks reflecting sound and significant mathematics should generate active classroom
discourse, promote the development of conjectures, and lead to an understanding of the necessity for
mathematical reasoning; see MP.2 (Reason abstractly and quantitatively) in table OV-2 of the

Overview of the Standards Chapters.

Guiding Principle 2: Teaching

An effective mathematics program is based on a carefully designed set of content standards that are
clear and specific, focused, and articulated over time as a coherent sequence.

The sequence of topics and instruction should be based on what is known about how students’ math-
ematical knowledge, skill, and understanding develop over time. What and how students are taught
should reflect not only the topics within mathematics but also the key ideas that determine how knowl-
edge is organized and generated within mathematics; see MP.7 (Look for and make use of structure) in
table OV-2 of the Overview of the Standards Chapters. Students should be asked to apply their learning
and to show their mathematical thinking and understanding. This high-quality instruction requires
teachers to have a deep knowledge of mathematics.

Mathematical problem solving is the hallmark of an effective mathematics program. Skill in mathe-
matical problem solving requires practice with a variety of mathematical problems as well as a firm
grasp of mathematical techniques and their underlying principles. Armed with this deeper knowledge,
students can use mathematics in flexible ways to attack various problems and devise different ways

to solve any particular problem; see MP.8 (Look for and express regularity in repeated reasoning) in
table OV-2 of the Overview of the Standards Chapters. Mathematical problem solving calls for reflective
thinking, persistence, learning from the ideas of others, and reviewing one’s own work with a critical
eye. Students should be able to construct viable arguments and critique the reasoning of others. They
should analyze situations and justify their conclusions, communicate their conclusions to others, and
respond to the arguments of others; see MP.3 (Construct viable arguments and critique the reasoning
of others) in table OV-2 of the Overview of the Standards Chapters. Students at all grades should be able
to listen to or read the arguments of others, decide whether they make sense, and ask questions to
clarify or improve the arguments.

Mathematical problem solving provides students with experiences to develop other mathematical
practices. Success in solving mathematical problems helps to create an abiding interest in mathematics.
Students learn to model with mathematics and to apply the mathematics that they know to solve
problems arising in everyday life, society, and the workplace; see MP.4 (Model with mathematics) in
table OV-2 of the Overview of the Standards Chapters.
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For a mathematics program to be effective, it must be taught by knowledgeable teachers. According
to Liping Ma, “The real mathematical thinking going on in a classroom, in fact, depends heavily on
the teacher’s understanding of mathematics” (Ma 2010). Research on the relationship between
teachers’ mathematical knowledge and student achievement confirms the importance of teachers’
content knowledge (National Mathematics Advisory Panel 2008). The message from the research is
clear: having knowledgeable teachers really does matter, and teacher expertise in a subject drives
student achievement. As Liping Ma states, “Improving teachers’ content subject matter knowledge and
improving students’ mathematics education are thus interwoven and interdependent processes that
must occur simultaneously” (Ma 2010). See the Instructional Strategies chapter and the Supporting
High-Quality Common Core Mathematics Instruction chapter for more information.

Guiding Principle 3: Technology

Technology is an essential tool that should be used strategically in mathematics education.

Technology enhances the mathematics curriculum in many ways. Tools such as measuring instruments,
manipulatives (such as base-ten blocks and fraction pieces), scientific and graphing calculators, and
computers with appropriate software, if properly used, contribute to a rich learning environment for
investigating, exploring, developing, and applying mathematical concepts. Appropriate use of calcu-
lators is essential; calculators should not be used as a replacement for basic understanding and skills.
Elementary students should learn how to perform the basic arithmetic operations independent of the
use of a calculator (National Center for Education Statistics 1995). The use of a graphing calculator can
help middle school and secondary students visualize properties of functions and their graphs. Graphing
calculators should be used to enhance—not replace—student understanding and skills.

When presenting or solving mathematical problems, teachers and students should consider the tools
available to them. Students should be familiar with tools appropriate for their grade level so that they
can make sound decisions about which tools will be helpful; see MP.5 (Use appropriate tools strategi-
cally) in table OV-2 of the Overview of the Standards Chapters.

Technology enables students to communicate ideas in the classroom or to search information sources
such as the Internet, which is an important addition to a school’s internal library resources. Technology
can also be especially helpful in assisting students with special needs in the classroom, at home, and in
the community.

Technology changes the mathematics to be learned, as well as when and how it is learned. For example,
currently available technology provides a dynamic and exploration-driven approach to mathematical
concepts such as functions, rates of change, geometry, and averages that was not possible in the past.
Some mathematics becomes more important because technology requires it, some becomes less
important because technology replaces it, and some becomes possible because technology allows it.
See the Technology in the Teaching of Mathematics chapter for additional information.
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Guiding Principle 4: Equity

All students should have a high-quality mathematics program that prepares them for college and
careers.

All California students should have a high-quality mathematics program that meets the goals and
expectations of the CA CCSSM and addresses students’ individual interests and talents. The standards
provide clear signposts along the way to the goal of college and career readiness for all students; they
also accommodate a broad range of students, from those requiring a significant amount of extra support
in mathematics to others needing minimal support or enrichment opportunities. To promote achieve-
ment of these standards, teachers should plan for, instruct, model, and support classroom discourse,
reflection, use of multiple problem-solving strategies, and a positive disposition toward mathematics.
They should have high expectations for all students. At every level of the education system, teachers
should act on the belief that every child can and should learn challenging mathematics. Teachers and
guidance personnel should advise students and parents about why it is important to take advanced
courses in mathematics and how this will prepare students for success in college and the workplace.

All students should have the benefit of quality instructional materials, good libraries, and adequate
technology—and all students must have the opportunity to learn and meet the same high standards.
In order to meet the needs of the greatest range of students, mathematics programs should provide
the necessary intervention and support for those students who are below or above grade-level expec
tations. Practice and enrichment should extend beyond the classroom. Tutorial sessions, mathematics
clubs, competitions, robotics, and apprenticeships are examples of mathematics activities that promote
learning.

Because mathematics is the cornerstone of many disciplines, a comprehensive curriculum should
include applications to everyday life and modeling activities that demonstrate the connections among
disciplines. Schools should also provide opportunities for communicating with experts in applied fields
to enhance students’ knowledge of these connections; see MP.4 (Model with mathematics) in table OV-2
of the Overview of the Standards Chapters.

An important part of preparing students for college and careers is to ensure that they have the math-
ematics and problem-solving skills necessary to make sound financial decisions in everyday life—for
example, to set up a bank account, learn about saving money and earning interest, understand student
loans, read credit and debit statements, select the best bargains when shopping, and choose the most
cost-effective cell phone plan based on monthly usage. See the Universal Access chapter and appendixes
A and B for additional information.

Guiding Principle 5: Assessment

Assessment of student learning in mathematics should take many forms to inform instruction and
learning.

A comprehensive assessment program is an integral component of an instructional program. It provides
students with frequent feedback on their performance, teachers with diagnostic tools for gauging
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students’ depth of understanding of mathematical concepts and skills, parents with information about
their children’s performance in the context of program goals, and administrators with a means for
measuring student achievement.

Assessments take a variety of forms, require different amounts of time, and address various aspects of
student learning. Gaps in knowledge and errors in reasoning can be identified when students “think
aloud” or talk through their reasoning. By observing and questioning students as they work, teachers
can gain insight into students’ abilities to apply appropriate mathematical concepts and skills, make
conjectures, and draw conclusions. Homework, mathematics journals, portfolios, oral presentations,
and group projects offer additional means for capturing students’ thinking, knowledge of mathematics,
facility with the language of mathematics, and ability to communicate what they know to others. Tests
and quizzes assess knowledge of mathematical concepts, operations, and skills and their efficient
application to problem solving; they can also pinpoint areas that require more practice or teaching.
Taken together, the results of these different forms of assessment provide rich profiles of students’
achievements in mathematics and serve as the basis for identifying curricula and instructional
approaches to best develop students’ talents.

Assessment should also be a major component of the learning process. As students help identify goals
for lessons or investigations, they gain greater awareness of what they need to learn and how they will
demonstrate that learning. Engaging students in this kind of goal setting can help them reflect on their
work, understand the standards to which they are held accountable, and take ownership of their
learning. See the Assessment chapter for additional information.

Supporting Twenty-First-Century Learning

California is part of a growing national movement to teach students the problem-solving skills and
critical thinking they need for college, careers, and civic life. The Partnership for 21st Century Skills
(P21) developed a framework for twenty-first-century learning comprising student outcomes and
support systems. The student outcomes consist of the following elements:

1. Core subjects and twenty-first-century interdisciplinary themes, which include global awareness;
financial, economic, business, and entrepreneurial literacy; civic literacy; health literacy; and
environmental literacy

2. Life and career skills, which include flexibility and adaptability, initiative and self-direction, so-
cial and cross-cultural skills, productivity and accountability, and leadership and responsibility

3. Learning and innovation skills, often referred to as the “4 Cs”: creativity and innovation, critical
thinking and problem solving, communication, and collaboration

4. Information, media, and technology skills, which include information literacy, media literacy,
and ICT (information, communications, and technology) literacy

Support systems provided by P21 include standards and assessments, curriculum and instruction,
professional development, and learning environments.

Introduction 7



California educators need to intentionally include the 4 Cs in mathematics instruction. A fundamental
goal is to promote higher-order mathematical thinking skills and interdisciplinary approaches that inte-
grate the use of supportive technologies, inquiry, and problem-based learning to provide contexts for
pupils to apply learning in relevant, real-world scenarios and that prepare all pupils for college, careers,
and citizenship in the twenty-first century. Mathematics instruction and learning are instrumental to
mastering P21 interdisciplinary themes, particularly financial, economic, business, and entrepreneurial
literacy. Resources connecting the Partnership for 21st Century Skills with the Common Core State
Standards are available at http://www.p21.org/ (accessed May 15, 2014).

Purpose of the Framework

The Mathematics Framework for California Public Schools: Kindergarten Through Grade Twelve is meant
to guide teachers in curriculum development and instruction as they work to ensure that all students
meet or exceed the CA CCSSM. The framework also provides educators and developers of instructional
materials with a context for implementing the standards. Building on the standards, the framework
addresses how all students in California public schools can best meet those standards. California’s
mathematics framework is available online and, as such, will remain a “living” document that will be
updated regularly.

Implementation of the CA CCSSM will take time and effort, but it also provides a new opportunity to
ensure that California’s students are held to the same high expectations in mathematics as their
national and global peers. Educators and administrators, as well as parents, guardians, and communi-
ty members, are challenged to become familiar with the standards and to support raising the bar for
student achievement through rigorous curriculum and instruction that develops students’ conceptual
understanding, procedural skill and fluency, and application of mathematics to solve problems.
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Overview of the Standards Chapters

These Standards are not intended to be new names for old ways of doing business.
—National Governors Association Center for Best Practices, Council of Chief
State School Officers (NGA/CCSSO) 2010f

Center for Best Practices (NGA) committed to developing a set of standards that would help

prepare students for success in careers and college. The Common Core State Standards Initiative
was a voluntary, state-led effort coordinated by the CCSSO and NGA to establish clear and consistent
education standards. Development of the standards began with research-based learning progressions
detailing what is known about how students’ mathematical knowledge, skills, and understanding
develop over time.

In 2009, the Council of Chief State School Officers (CCSSO) and the National Governors Association

In June 2010, the State of California replaced its existing mathematics standards by adopting the Califor-
nia Common Core State Standards for Mathematics (CA CCSSM). The state’s previous mathematics stan-
dards had been in place since 1997. In January 2013, in accordance with Senate Bill 1200, the California
State Board of Education (SBE) adopted modifications to the CA CCSSM, which included organizing the
standards into model courses for higher mathematics aligned with Appendix A of the Common Core
State Standards Initiative. Standards that are unique to California (California additions) are identified by
boldface type and followed by the abbreviation CA.

California’s new standards define what students should understand and be able to do in the study of
mathematics. The state’s implementation of the CA CCSSM demonstrates a continued commitment to
providing a world-class education for all students that supports lifelong learning and the skills and
knowledge necessary to participate in the global economy of the twenty-first century.

Understanding the California Common Core State Standards
for Mathematics

The CA CCSSM were designed to help students gain proficiency with and understanding of mathematics
across grade levels. The standards call for learning mathematical content in the context of real-world
situations, using mathematics to solve problems, and developing “habits of mind” that foster mastery
of mathematics content as well as mathematical understanding.

The standards for kindergarten through grade eight (K—8) prepare students for higher mathematics,
beginning with Mathematics | or Algebra |, and serve as the foundation on which more advanced
mathematical knowledge can be built. The standards for higher mathematics (high school-level
standards) prepare students for college, careers, and productive citizenship. In short, the standards
are a progression of mathematical learning.

The standards are based on three major principles: focus, coherence, and rigor. These principles are
meant to fuel greater achievement in a rigorous curriculum, in which students acquire conceptual
understanding, procedural skill and fluency, and the ability to apply mathematics to solve problems.
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Major Principles of the California Common Core State Standards for Mathematics

» Focus—Place strong emphasis where the standards focus.
» Coherence—Think across grades, and link to major topics in each grade.
» Rigor—In major topics, pursue with equal intensity:

e conceptual understanding;
e procedural skill and fluency;
e application.

Focus is necessary so that students have sufficient time to think about, practice, and integrate new
ideas into their growing knowledge structure. Focus is also a way to allow time for the kinds of rich
classroom discussion and interaction that support the Standards for Mathematical Practice (MP) and
develop students’ broader mathematical understanding. Instruction should focus deeply on only those
concepts that are emphasized in the standards so that students can build a strong foundation in
conceptual understanding, a high degree of procedural skill and fluency, and the ability to apply the
mathematics they know to solve problems inside and outside the mathematics classroom.

Coherence arises from mathematical connections. Some of the connections in the standards knit topics
together at a single grade level. Most connections are vertical, as the standards support a progression
of increasing knowledge, skill, and sophistication across the grades.

¢ Thinking across grades: The standards are designed to help administrators and teachers connect
learning within and across grades. For example, the standards develop fractions and multipli-
cation across grade levels, so that students can build new understanding on foundations that
were established in previous years. Thus each standard is an extension of previous learning, not
a completely new concept.

¢ Linking to major topics: Connections between the standards at a single grade level can be used
to improve the instructional focus by linking additional or supporting topics to the major work
of the grade. For example, in grade three, bar graphs are not “just another topic to cover.”
Students use information presented in bar graphs to solve word problems using the four oper-
ations of arithmetic. (For lists of Major and Additional/Supporting topics, see the Cluster-Level
Emphases charts in each grade-level chapter.)

Priorities in Support of Rich Instruction: Expectations of Fluency and Conceptual Understanding
Grades :in the CA CCSSM

K-2 Addition and subtraction—concepts, skills, problem solving, and place value

6 Ratios and proportional reasoning; early expressions and equations
7 Ratios and proportional reasoning; arithmetic of rational numbers
8 Linear algebra

Adapted from Achieve the Core 2012.
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Rigor requires that conceptual understanding, procedural skill and fluency, and application be
approached with equal intensity.

e (Conceptual understanding: The word understand is used in the standards to set explicit
expectations for conceptual understanding. Teachers focus on much more than “how to get
the answer”; they support students’ ability to access concepts from a number of different
perspectives. Students might demonstrate deep conceptual understanding of core mathematics
concepts by solving short conceptual problems, applying mathematics in new situations, and
speaking and writing about their understanding. Students who lack understanding of a topic
may rely on procedures too heavily. Without a flexible base from which to work, such students
may be less likely to consider analogous problems, represent problems coherently, justify
conclusions, apply the mathematics to practical situations, use technology mindfully to work
with the mathematics, explain the mathematics accurately to other students, help other
students understand a given method or find and correct an error, step back for an overview, or
deviate from a known procedure to find a shortcut. In short, a lack of understanding effectively
prevents a student from engaging in the mathematical practices.

Examples of Understanding in the CA CCSSM

i Grade/Level : Standards
K Understand that each successive number name refers to a quantity that is one larger (K.CC.4q). |

Understand that in adding or subtracting three-digit numbers, one adds or subtracts hundreds
2 i and hundreds, tens and tens, ones and ones; and sometimes it is necessary to compose or :
i decompose tens or hundreds (2.NBT.7).

............................................................................................................................................................................................................................................... M

4 Understand addition and subtraction of fractions as joining and separating parts referring to
i the same whole (4.NF.3a).

............................................................................................................................................................................................................................................... M

6 i Understand the concept of a ratio and use ratio language to describe a ratio relationship be-
i tween two quantities (6.RP.1).

Understand that a function is a rule that assigns to each input exactly one output.
8 i The graph of a function is the set of ordered pairs consisting of an input and the
i corresponding output (8.F.1).

! Understand that a function from one set (called the domain) to another set (called

Ma:-ll:g:gtics the range) assigns to each element of the domain exactly one element of the range
! (F-IF.1). (Note: This is only a portion of the complete standard.)

Higher : Understand that by similarity, side ratios in right triangles are properties of the angles in the
{ Mathematics : trlangle leading to definitions of trigonometric ratios for acute angles (G-SRT.6).

e Procedural skill and fluency: The standards are explicit where fluency is expected. In kinder-
garten through grade six (K-6), students should make steady progress toward procedural skill
and computational fluency (being accurate and reasonably fast), including knowing single-digit
products and sums from memory (for example, see 2.0A.2 and 3.0A.7). As used in the
standards, the word fluently refers to fluency with a written or mental method, not a method
using manipulatives or concrete representations. Progress toward fluency should be woven into
instruction in grade-appropriate ways, along with developing conceptual understanding of
the four operations.

1. For more information about how students develop fluency in tandem with understanding, see the University of Arizona’s
Progressions documents on Operations and Algebraic Thinking and on Number and Operations in Base Ten (the University of
Arizona Progressions Documents for the Common Core Math Standards [UA Progressions] 2011-13).
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Manipulatives and concrete representations such as diagrams that enhance conceptual
understanding can help students make connections to written and symbolic methods (e.g., see
1.NBT.1). Methods and algorithms should be general and based on principles of mathematics
(e.g., place value and properties of operations).

Developing fluency with single-digit computations can involve a mixture of just knowing some
answers, knowing some answers from understanding patterns, and knowing some answers
from understanding and using strategies. In grades four, five, and six, moving to fluency with
multi-digit computations and operations with decimals and fractions requires developing a
base of understanding in previous years about how to use place value in carrying out and
interpreting operations with single digits within a multi-digit number and understanding how
to use unit fractions and equivalence for meaningful fraction operations. Students examine
various methods and relate them to visual models, but from the beginning students develop,
discuss, and use efficient, accurate, and generalizable methods that are or will lead to a varia-
tion of the standard algorithm. Students drop the visual models when they can, although they
may continue to use models if needed. Fluency means working without visual models. Sufficient
practice and extra support should be provided at each grade to allow all students to meet the
standards that explicitly call for fluency.

Grade Examples of Expectations of Fluency in the K-6 CA CCSSM

K i Add/subtract within 5
1  Add/subtract within 10
Add/subtract within 20 (using mental strategies)
2 Add/subtract within 100 (using strategies?)
 Multiply/divide within 100
3 Add/subtract within 1,000 (using algorithms?)
4 Add/subtract whole numbers within 1,000,000 (using the standard algorithm?)
Multiply multi-digit numbers (using the standard algorithm)
> : Add/subtract fractions
Divide multi-digit numbers (using the standard algorithm)
6 Perform multi-digit decimal operations (add, subtract, multiply, and divide using the standard
algorithm for each operation)

Adapted from Achieve the Core 2012.

2. These strategies would be based on place value, properties of operations, and/or the relationship between addition and
subtraction.

3. A range of algorithms may be used.
4. Minor variations of writing the standard algorithm are acceptable.
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e Application: Students are expected to use mathematics to solve “real-world problems.” In the
standards, the phrase real-world problems and the star symbol (%) are used to set expectations
and flag opportunities for applications and modeling (which is a Standard for Mathematical
Practice as well as a Conceptual Category in higher mathematics). Real-world problems and
standards that support modeling are also opportunities to provide activities related to careers
and everyday life. Teachers in content areas outside of mathematics—particularly science—
ensure that students use mathematics at all grade levels to make meaning of and access content
(adapted from Achieve the Core 2012).

Progression to Higher Mathematics

The progression from kindergarten standards to standards for higher mathematics, beginning with
Mathematics | or Algebra I, exemplifies the three principles of focus, coherence, and rigor that are
central to the CA CCSSM.

In kindergarten through grade five (K-5), the focus is on addition, subtraction, multiplication, and
division of whole numbers, fractions, and decimals, with a balance of concepts, skills, and problem
solving. Arithmetic is viewed as an important set of skills and also as a thinking subject that prepares
students for higher mathematics. Measurement and geometry develop alongside number and opera-
tions and are tied specifically to arithmetic along the way.

In middle school, multiplication and division develop into the powerful forms of ratio and proportional
reasoning. The properties of operations take on prominence as arithmetic matures into algebra. The
theme of quantitative relationships also becomes explicit in grades six through eight, developing into
the formal concept of a function by grade eight. Meanwhile, the foundations of deductive geometry
are laid in the middle grades. Finally, the gradual development of data representations in kindergarten
through grade five leads to statistics in middle school: the study of shape, center, and spread of data
distributions; possible associations between two variables; and the use of sampling in making statistical
decisions.

In higher mathematics, algebra, functions, geometry, and statistics develop with an emphasis on
modeling. Students continue to take a thinking approach to algebra, learning to see and make use of
structure in algebraic expressions of growing complexity (Partnership for Assessment of Readiness for
College and Careers [PARCC] 2012).

Mathematics is a logically progressing discipline that has intricate connections among the various
domains and clusters in the standards. Sustained practice is required to master grade-level and
course-level content. The major work (or emphases) in the standards for kindergarten through grade
eight is noted in the Cluster-Level Emphases charts presented in each of the grade-level chapters that
follow. Further, table OV-1 (adapted from Achieve the Core 2012) summarizes an important subset of
the major work in kindergarten through grade eight, as the progression of learning in the standards
leads toward Mathematics | or Algebra I.
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Two Types of Standards

The CA CCSSM include two types of standards: Standards for Mathematical Practice and Standards for
Mathematical Content. These standards address “habits of mind” that students should develop to foster
mathematical understanding and expertise, as well as concepts, skills, and knowledge—what students
need to understand, know, and be able to do. The standards also require that mathematical practices
and mathematical content be connected. These connections are essential to support the development
of students’ broader mathematical understanding, as students who lack understanding of a topic may
rely too heavily on procedures. The Standards for Mathematical Practice must be taught as carefully
and practiced as intentionally as the Standards for Mathematical Content are. Neither type should be
isolated from the other; mathematics instruction is most effective when these two aspects of the CA
CCSSM come together as a powerful whole.

The eight Standards for Mathematical Practice (MP) describe the attributes of mathematically proficient
students and expertise that mathematics educators at all levels should seek to develop in their students;
see table OV-2. Mathematical practices provide a vehicle through which students engage with and learn
mathematics. As students move from elementary school through high school, mathematical practices
are integrated in the tasks as students engage in doing mathematics and master new and more ad-
vanced mathematical ideas and understandings.

Standards for Mathematical Practice (MP)

These practices rest on important “processes and proficiencies” with longstanding importance in mathemat-
ics education. The first of these are the National Council of Teachers of Mathematics’ process standards of
problem solving, reasoning and proof, communication, representation, and connections. The second are the
strands of mathematical proficiency specified in the National Research Council’s report Adding It Up: adaptive
reasoning, strategic competence, conceptual understanding, procedural fluency, and productive disposition
(NGA/CCSSO 2010q).
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Table OV-2. Standards for Mathematical Practice (MP)

MP.1 Make sense of problems and persevere in solving them.

Mathematically proficient students start by explaining to themselves the meaning of a problem and looking
for entry points to its solution. They analyze givens, constraints, relationships, and goals. They make conjec-
tures about the form and meaning of the solution and plan a solution pathway rather than simply jumping
into a solution attempt. They consider analogous problems, and try special cases and simpler forms of the
original problem in order to gain insight into its solution. They monitor and evaluate their progress and
change course if necessary. Older students might, depending on the context of the problem, transform
algebraic expressions or change the viewing window on their graphing calculator to get the information they
need. Mathematically proficient students can explain correspondences between equations, verbal descrip-
tions, tables, and graphs or draw diagrams of important features and relationships, graph data, and search
for regularity or trends. Younger students might rely on using concrete objects or pictures to help conceptual-
ize and solve a problem. Mathematically proficient students check their answers to problems using a different
method, and they continually ask themselves, “Does this make sense?” They can understand the approaches
of others to solving complex problems and identify correspondences between different approaches.

MP.2 Reason abstractly and quantitatively.

Mathematically proficient students make sense of the quantities and their relationships in problem situations.
Students bring two complementary abilities to bear on problems involving quantitative relationships: the
ability to decontextualize—to abstract a given situation and represent it symbolically, and manipulate the
representing symbols as if they have a life of their own, without necessarily attending to their referents—and
the ability to contextualize, to pause as needed during the manipulation process in order to probe into the
referents for the symbols involved. Quantitative reasoning entails habits of creating a coherent representation
of the problem at hand; considering the units involved; attending to the meanings of quantities, not just how
to compute them; and knowing and flexibly using different properties of operations and objects.

MP.3 Construct viable arguments and critique the reasoning of others.

Mathematically proficient students understand and use stated assumptions, definitions, and previously
established results in constructing arguments. They make conjectures and build a logical progression of
statements to explore the truth of their conjectures. They are able to analyze situations by breaking them
into cases and can recognize and use counterexamples. They justify their conclusions, communicate them
to others, and respond to the arguments of others. They reason inductively about data, making plausible
arguments that take into account the context from which the data arose. Mathematically proficient students
are also able to compare the effectiveness of two plausible arguments, distinguish correct logic or reasoning
from that which is flawed, and—if there is a flaw in an argument—explain what it is. Elementary students
can construct arguments using concrete referents such as objects, drawings, diagrams, and actions. Such
arguments can make sense and be correct, even though they are not generalized or made formal until later
grades. Later, students learn to determine domains to which an argument applies. Students at all grades can
listen to or read the arguments of others, decide whether they make sense, and ask useful questions to clarify
or improve the arguments. Students build proofs by induction and proofs by contradiction. CA.3.1 (for
higher mathematics only).
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Table OV-2 (continued)
MP4 Model with mathematics.

Mathematically proficient students can apply the mathematics they know to solve problems arising in every-
day life, society, and the workplace. In early grades, this might be as simple as writing an addition equation to
describe a situation. In middle grades, a student might apply proportional reasoning to plan a school event or
analyze a problem in the community. By high school, a student might use geometry to solve a design problem
or use a function to describe how one quantity of interest depends on another. Mathematically proficient
students who can apply what they know are comfortable making assumptions and approximations to simpli-
fy a complicated situation, realizing that these may need revision later. They are able to identify important
quantities in a practical situation and map their relationships using such tools as diagrams, two-way tables,
graphs, flowcharts, and formulas. They can analyze those relationships mathematically to draw conclusions.
They routinely interpret their mathematical results in the context of the situation and reflect on whether the
results make sense, possibly improving the model if it has not served its purpose.

MP.5 Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a mathematical problem. These
tools might include pencil and paper, concrete models, a ruler, a protractor, a calculator, a spreadsheet, a
computer algebra system, a statistical package, or dynamic geometry software. Proficient students are suf-
ficiently familiar with tools appropriate for their grade or course to make sound decisions about when each
of these tools might be helpful, recognizing both the insight to be gained and their limitations. For example,
mathematically proficient high school students analyze graphs of functions and solutions generated using

a graphing calculator. They detect possible errors by strategically using estimation and other mathematical
knowledge. When making mathematical models, they know that technology can enable them to visualize the
results of varying assumptions, explore consequences, and compare predictions with data. Mathematically
proficient students at various grade levels are able to identify relevant external mathematical resources, such
as digital content located on a Web site, and use them to pose or solve problems. They are able to use techno-
logical tools to explore and deepen their understanding of concepts.

MP.6 Attend to precision.

Mathematically proficient students try to communicate precisely to others. They try to use clear definitions
in discussion with others and in their own reasoning. They state the meaning of the symbols they choose,
including using the equal sign consistently and appropriately. They are careful about specifying units of
measure and labeling axes to clarify the correspondence with quantities in a problem. They calculate
accurately and efficiently, expressing numerical answers with a degree of precision appropriate for the prob-
lem context. In the elementary grades, students give carefully formulated explanations to each other. By the
time they reach high school, they have learned to examine claims and make explicit use of definitions.

MP.7 Look for and make use of structure.

Mathematically proficient students look closely to discern a pattern or structure. Young students, for example,
might notice that three and seven more is the same amount as seven and three more, or they may sort a
collection of shapes according to how many sides the shapes have. Later, students will see 7 x 8 equals the
well-remembered 7 X 5 + 7 X 3, in preparation for learning about the distributive property. In the expression
x>+ 9x + 14, older students can see the 14 as 2 x 7 and the 9 as 2 + 7. They recognize the significance of an
existing line in a geometric figure and can use the strategy of drawing an auxiliary line for solving problems.
They also can step back for an overview and shift perspective. They can see complicated things, such as some
algebraic expressions, as single objects or as being composed of several objects. For example, they can see
5—3(x—y)?as 5 minus a positive number times a square, and use that to realize that its value cannot be
more than 5 for any real numbers x and y.
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Table OV-2 (continued)

MP.8 Look for and express regularity in repeated reasoning.

Mathematically proficient students notice if calculations are repeated and look both for general methods and
for shortcuts. Upper elementary students might notice when dividing 25 by 11 that they are repeating the
same calculations over and over again and conclude they have a repeating decimal. By paying attention to
the calculation of slope as they repeatedly check whether points are on the line through (1, 2) with slope 3,
middle school students might abstract the equation (y — 2)/(x — 1) = 3. Noticing the regularity in the way
terms cancel when expanding (x — 1)(x + 1), (x—1)()® + x + 1), and (x — 1)(x® + x> + x + 1) might lead them

to the general formula for the sum of a geometric series. As they work to solve a problem, mathematically
proficient students maintain oversight of the process while attending to the details. They continually evaluate
the reasonableness of their intermediate results.

Table OV-3 summarizes the eight MP standards and provides examples of questions that teachers might
use to support mathematical thinking and student engagement (as called for in the MP standards).

Table OV-3

Summary of the Standards for Mathematical Practice

Questions to Develop Mathematical Thinking

MP.1 Make sense of problems and persevere in
solving them.

Mathematically proficient students interpret and
make meaning of the problem to find a starting
point.

Analyze what is given in order to explain to
themselves the meaning of the problem.

Plan a solution pathway instead of jumping to a
solution.

Monitor their own progress and change the
approach if necessary.

See relationships between various representa-
tions.

Relate current situations to concepts or skills
previously learned and connect mathematical
ideas to one another.

Continually ask themselves, “Does this make
sense?”

Can understand various approaches to solutions.

How would you describe the problems in your
own words?

How would you describe what you are trying to
find?

What do you noticeabout ____?
What information is given in the problem?
Describe the relationship between the quantities.

Describe what you have already tried. What might
you change?

Talk me through the steps you have used to this
point.

What steps in the process are you most confident
about?

What are some other strategies you might try?

What are some other problems that are similar to
this one?

How might you use one of your previous
problems to help you begin?

How else might you [organize, represent, show,
etc] _?
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Table OV-3 (continued)

Summary of the Standards for Mathematical Practice

Questions to Develop Mathematical Thinking

MP.2 Reason abstractly and quantitatively.

e Mathematically proficient students make sense
of quantities, and the relationships between
quantities, in problem situations.

e Decontextualize (represent a situation
symbolically and manipulate the symbols) and
contextualize (make meaning of the symbols in
a problem) quantitative relationships.

e Understand the meaning of quantities and
flexibly use operations and their properties.

e (reate a logical representation of the problem.

e Attend to the meaning of quantities, not just how
to compute them.

What do the numbers used in the problem
represent?

What is the relationship of the quantities?

How is relatedto ___ ?

What is the relationship between_______and
-7

Whatdoes___ mean to you? (e.g. symbol,

quantity, diagram)
What properties might we use to find a solution?

How did you decide that you needed to use
in this task?

Could we have used another operation or
property to solve this task? Why or why not?

MP.3 Construct viable arguments and critique
the reasoning of others.

e Mathematically proficient students analyze
problems and use stated mathematical
assumptions, definitions, and established results
in constructing arguments.

e Justify conclusions with mathematical ideas.

e Listen to the arguments of others, and ask useful
questions to determine if an argument makes
sense.

e Ask clarifying questions or suggest ideas to
improve or revise the argument.

e Compare two arguments and determine if the
logic is correct or flawed.

What mathematical evidence would support
your solution?

How can we be surethat ___ ? How could
you provethat _____?

Will it still work if __ ?

What were you consideringwhen ___ ?

How did you decide to try that strategy?

How did you test whether your approach
worked?

How did you decide what the problem was
asking you to find? (What was unknown?)

Did you try a method that did not work? Why
didn’t it work? Would it ever work? Why or why
not?

What is the same and what is different about
?
How could you demonstrate a counter-example?

I think it might be clearer if you said
Is that what you meant?

Is your method like Shawna’s method? If not,
how is your method different?
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Summary of the Standards for Mathematical Practice

Table OV-3 (continued)

Questions to Develop Mathematical Thinking

MP.4 Model with mathematics.

e Mathematically proficient students understand
this is a way to reason quantitatively and
abstractly (able to decontextualize and
contextualize).

e Apply the mathematics they know to solve
everyday problems.

e Simplify a complex problem and identify
important quantities to look at relationships.

® Represent mathematics to describe a situation
either with an equation or a diagram, and
interpret the results of a mathematical situation.

e Reflect on whether the results make sense,
possibly improving or revising the model.

e Ask themselves, “How can | represent this
mathematically?”

What math drawing or diagram could you make
and label to represent the problem?

What are some ways to represent the quantities?

What is an equation or expression that matches
the [diagram, number line, chart, table, etc.]?

Where did you see one of the quantities in the
task in your equation or expression?

How would it help to create a [diagram, graph,
table, etc.]?

What are some ways to visually represent
?

What formula might apply in this situation?

MP.5 Use appropriate tools strategically.

e Mathematically proficient students use available
tools including visual models, recognizing the
strengths and limitations of each.

e Use estimation and other mathematical
knowledge to detect possible errors.

e Identify relevant external mathematical resources
to pose and solve problems.

e Use technological tools to deepen their
understanding of mathematics.

What mathematical tools could we use to
visualize and represent the situation?

What information do you have?

What do you know that is not stated in the
problem?

What approach would you consider trying first?
What estimate did you make for the solution?

In this situation, would it be helpful to use a
[graph, number line, ruler, diagram, calculator,
manipulatives, etc.]?

Why was it helpfultouse _________?
What canusinga___ show us that
may not?

In what situations might it be more informative
or helpfultouse _________?
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Table OV-3 (continued)

Summary of the Standards for Mathematical Practice

Questions to Develop Mathematical Thinking

MP.6 Attend to precision.

e Mathematically proficient students communicate
precisely with others and try to use clear math-
ematical language when discussing their reason-
ing.

e Understand the meanings of symbols used
in mathematics and can label quantities
appropriately.

e Express numerical answers with a degree of
precision appropriate for the problem context.

e (alculate efficiently and accurately.

What mathematical terms apply in this situation?
How did you know your solution was reasonable?

Explain how you might show that your solution
answers the problem.

What would be a more efficient strategy?

How are you showing the meaning of the
quantities?

What symbols or mathematical notations are
important in this problem?

What mathematical language, definitions, prop-

erties (and so forth) can you use to explain
?

Can you say it in a different way?

Can you say it in your own words? And now say it
in mathematical words.

How could you test your solution to see if it
answers the problem?

MP.7 Look for and make use of structure.

e Mathematically proficient students look for the
overall structures and patterns in mathematics
and think about how to describe these in words,
mathematical symbols, or visual models.

e See complicated things as single objects or as
being composed of several objects. Compose and
decompose conceptually.

e Apply general mathematical patterns, rules, or
procedures to specific situations.

What observations can you make about
?

What do you noticewhen ________?

What parts of the problem might you [eliminate,
simplify, etc.]?

What patternsdoyou findin____ ?
How do you know if something is a pattern?

What ideas that we have learned before were
useful in solving this problem?

What are some other problems that are similar to
this one?

How does thisrelateto ____ ?

In what ways does this problem connect to other
mathematical concepts?
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Table OV-3 (continued)

Summary of the Standards for Mathematical Practice Questions to Develop Mathematical Thinking
MP.8 Look for and express regularity in e Explain how this strategy works in other
repeated reasoning. situations.
e Mathematically proficient students see repeated | ® Is this always true, sometimes true, or never true?
calculations and look for generalizations and e How would we prove that ?
shortcuts. e  What do you noticeabout _________?

e See the overall process of the problem and still

o \ e What is happening in this situation?
attend to the details in the problem-solving steps. PP 8

i ?
e Understand the broader application of patterns * What would happen if '

and see the structure in similar situations.

e Continually evaluate the reasonableness of their | ® What predictions or generalizations can this
intermediate results. pattern support?
e What mathematical consistencies do you notice?

e |sthere a mathematical rulefor_____ ?

® How is this situation like and different from other
situations using this operation?

Adapted from Kansas Association of Teachers of Mathematics 2012, 3rd Grade Flipbook.

Ideally, several MP standards will be evident in each lesson as they interact and overlap with each
other. The MP standards are not a checklist; they are the basis for mathematics instruction and
learning. To help students persevere in solving problems (MP.1), teachers need to allow their students
to struggle productively, and they must be attentive to the type of feedback they provide to students.
Dr. Carol Dweck’s research (Dweck 2006) revealed that feedback offering praise of effort and persever-
ance seems to engender and reinforce a “growth mindset.” In Dweck’s estimation, “[g]rowth-minded
teachers tell students the truth [about being able to close the learning gap between them and their
peers| and then give them the tools to close the gap” (Dweck 2006).

Structuring the MP standards can help educators recognize opportunities for students to engage with
mathematics in grade-appropriate ways. In figure OV-1, the eight MP standards are grouped into four
categories. These four pairs of standards can also be given names, beginning with the rectangle on the
far left and then moving from the bottom to the top with the other three rectangles. These names can
become a sentence teachers might ask at the end of every day—for example, “Did | Make Sense of Math
and Math Structure by using Math Drawings to support Math Reasoning?” This approach can help
teachers to continually incorporate the core of the MP standards into classroom practices.

5. According to Dweck, a person with a growth mindset believes that intelligence is something that can be nurtured and gained.
When people with this type of mindset do not meet the expected level of performance on a test or an assignment or have
difficulty understanding a concept, they work hard at it, believing that if they just try hard enough, they will achieve the desired
outcome.
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Figure OV-1. Structuring the Standards for Mathematical Practice (MP)

2. Reason abstractly and quantitatively.

3. Construct viable arguments and Reasoning and explaining

critique the reasoning of others.

4. Model with mathematics.
Modeling and using tools

Overarching habits of mind of
a productive mathematical thinker
1. Make sense of problems and perse-

£ < ) .
g §) 5. Use appropriate tools strategically.
o O
=
> o
S g . Lookforand make use of structure.
s © . ..
o é 8. Look for and express regularity in repeated Seeing structure and generalizing
S = reasoning.
©

Source: McCallum 2011.

The Standards for Mathematical Content were built on progressions of topics across a number of grade
levels, informed both by research on children’s cognitive development and by the logical structure of
mathematics.

Kindergarten Through Grade Eight

In kindergarten through grade eight, the standards are organized by grade level and then by domains
(clusters of standards that address “big ideas” and support connections of topics across the grades),
clusters (groups of related standards inside domains), and finally by the standards (what students
should understand and be able to do). The standards do not dictate curriculum or pedagogy. For
example, just because Topic A appears before Topic B in the standards for a given grade, it does not
mean that Topic A must be taught before Topic B (NGA/CCSSO 2010c).

Throughout this framework, specific standards or groups of standards are identified in the narrative.
For example, as shown in figure OV-2, a narrative reference to 3.NBT.1-3 signifies a standard at the
third-grade level, the domain Number and Operations in Base Ten (NBT), and standards 1, 2, and 3 in
the first cluster.

Figure OV-2. How to Read the Standards for Kindergarten Through Grade Eight
Domain

/ Domain Abbreviation

= Number and Operations in Base Ten 3.NBT =

Use place-value understanding and properties of operations to perform multi-digit arithmetic. W

Grade Level\

Use place-value understanding to round whole numbers to the nearest 10 or 100.

1.
/ 2. Fluently add and subtract within 1000 using strategies and algorithms based on place
Standard value, properties of operations, and/or the relationship between addition and subtraction. Cluster

3. Multiply one-digit whole numbers by multiples of 10 in the range 10-90 (e.g., 9 x 80,
5 x 60) using strategies based on place value and properties of operations. J
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Higher Mathematics

The standards for higher mathematics are organized differently than the K-8 standards. When
developed by the NGA/CCSSO, the higher mathematics standards were not organized into courses;
instead, they were listed according to the following conceptual categories:

Number and Quantity (N)
Algebra (A)

Functions (F)

Modeling (*)

Geometry (G)

Statistics and Probability (S)

Conceptual categories present a coherent view of higher mathematics; a student’s work with functions,
for example, crosses a number of traditional course boundaries, potentially up through and including
calculus. With the exception of Modeling (see explanation following figure OV-3), each conceptual
category is further subdivided into several domains, and each domain is subdivided into clusters. This
structure is similar to that of the grade-level content standards.

Each higher mathematics standard begins with the identifier for the conceptual category (N, A, F, G, S),
followed by the domain code, and then the standard number.

Figure OV-3. How to Read the Standards for Higher Mathematics

Conceptual Conceptual Category
/ Category and Domain Codes
Functions \
Linear, Quadratic, and Exponential Models F-LE
/ Interpret expressions for functions in terms of the situation they model. *———__ Cluster
b . 5. Interpret the parameters in a linear or exponential function in terms of a context. * Heading
omain
6. Apply quadratic functions to physical problems, such as the motion of an object
under the force of gravity. CA *
California Addition: Modeling
Boldface + CA Standard

The two standards in figure OV-3 would be referred to as F-LE.5 and F-LE.6, respectively. The star
symbol (%) indicates that both standards are also Modeling standards. Modeling is best interpreted not
as a collection of isolated topics, but rather in relation to other standards. Readers are encouraged to
refer to appendix B for an extensive explanation of the Modeling conceptual category.

Table OV-4 illustrates how the domains and conceptual categories are distributed across the K-12
mathematical content standards. The corresponding abbreviations for each are also identified—for
example, Geometry (G).
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Table OV-4. Mathematical Content Domains (K-8) and Conceptual Categories (Higher
Mathematics)

Higher Mathematics

izt K T12)314]5 6 7 8 Conceptual Categories
Counting and Ratios and
8 Proportional Functions (F) | Functions (F)

Cardinality (CC) Relationships(RP)

Operations and Algebraic Thinking (OA) | Expression and Equations (EE) | Algebra (A)

2 | Number and Operations in Base Ten =
£ | (NBT) =
(=] =
a Number and =
The Number System (NS . g
® Number and Y (NS) Quantity (N) =
= Operations— =
Fractions (NF)

- - Statistics and

Measurement and Data (MD) Statistics and Probability (SP) Probability (5)

Geometry (G) Geometry (G) Geometry (G)

Overview: K-8 Chapters

The chapters covering kindergarten through grade eight provide guidance on instruction and learning
aligned with the CA CCSSM. Each chapter presents a brief summary of prior learning and an overview of
what students learn at that grade level. A section on the Standards for Mathematical Content highlights
the instructional focus of the standards at the grade and includes a Cluster-Level Emphases chart that
designates clusters of standards as “Major” or “Additional/Supporting” work at the grade level. The
Connecting Mathematical Practices and Content section provides grade-level explanations and
examples of how the MP standards may be integrated into grade-level-appropriate tasks.

The largest section of each chapter is a description of Standards-Based Learning organized by domains
and clusters, with exemplars to explain the content standards, highlight connections to the various
mathematical practice standards, and demonstrate the importance of developing conceptual under-
standing, procedural skill and fluency, and application. Also noted are opportunities to link concepts in
the Additional/Supporting clusters to Major work at the grade (based on the grade-specific Cluster-Level
Emphases charts) and examples of focus, coherence, and rigor. Finally, each chapter presents “Essential
Learning for the Next Grade” to highlight important knowledge, skills, and understanding that students
will need to succeed in future grades. The grade-level content standards are embedded throughout the
narrative and at the end of each chapter. Standards that are unique to California (California additions)
are identified by boldface type and followed by the abbreviation CA.
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Overview: Higher Mathematics Chapters

When first adopted in August 2010, the CA CCSSM for higher mathematics were organized differently
than the K-8 standards—by conceptual categories rather than in courses. In January 2013, the SBE
adopted modifications to the CA CCSSM, including organizing content standards into model courses for
higher mathematics, in accordance with Senate Bill 1200 (Education Code Section 60605.11, Chapter
654, Statues of 2012).

The model courses are organized into two pathways: Traditional and Integrated. The framework
includes a description of these courses. The content of these courses is the same, regardless of the
grade level at which they are taught.

Standards for Mathematical Practice

The MP standards are interwoven throughout the higher mathematics curriculum. Instruction should
focus equally on developing students’ ability to engage in the practice standards and on developing
conceptual understanding of and procedural fluency in the content standards. The MP standards are
the same at each grade level, with the exception of an additional practice standard included only in
the CA CCSSM for higher mathematics:

MP.3.1 CA: Students build proofs by induction and proofs by contradiction.

This standard can be seen as an extension of Mathematical Practice 3, in which students construct
viable arguments and critique the reasoning of others.

In the higher mathematics courses, the levels of sophistication of each MP standard increase as students
integrate grade-appropriate mathematical practices with the content standards. Examples of the MP
standards appear in each higher mathematics course narrative.

Standards for Mathematical Content

The entire catalog of higher mathematics standards is presented in the California Common Core State
Standards: Mathematics (CDE 2013a), organized by both model courses and conceptual category. In this
framework, the standards are organized into model courses that were adopted by the SBE in January
2013. The higher mathematics content standards specify the mathematics that all students should
study in order to be college- and career-ready. Additional mathematical content that students should
learn in order to take advanced courses such as calculus, advanced statistics, or discrete mathematics is
indicated by a (+) symbol, as in this example:

4. (+) Represent complex numbers on the complex plane in rectangular and polar form (including
real and imaginary numbers), and explain why the rectangular and polar forms of a given
complex number represent the same number.

All standards without a (+) symbol should be included in the common mathematics curriculum for all
college- and career-ready students. Standards with a (+) symbol may also appear in courses intended
for all students.
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Higher Mathematics Chapters

The higher mathematics chapters are organized into courses according to two pathways:

e Traditional Pathway — consists of the higher mathematics standards organized along more
traditional lines into Algebra I, Geometry, and Algebra Il courses. In this sequence, almost the
entire Geometry conceptual category is separated into a single course and treated as a separate
subject. Although these courses have the same names as their traditional counterparts, it is
important to note that the nature of the CA CCSSM vyields very different courses. In the past,
the label “Geometry” referred to a specific course, but now it may also refer to the conceptual
category. Care will be taken throughout the higher mathematics chapters to make the
distinction clear.

® Integrated Pathway — consists of the courses Mathematics I, II, and 1ll. The integrated pathway
presents higher mathematics as a connected subject, in that each course contains standards
from all six of the conceptual categories. For example, in Mathematics I, students will focus
on linear functions. Students contrast linear functions with exponential functions, solve linear
equations, and model with functions. They also investigate the geometric properties of graphs
of linear functions (lines) and model statistical data with lines of best fit. This is the way in
which most other high-performing countries present higher mathematics, and it maintains the
theme developed in kindergarten through grade eight of mathematics being a connected,
multifaceted subject.

As noted earlier, regardless of the grade level at which a course is taught, the content of these courses
is the same; for example, an Algebra | course or Mathematics | course is aligned with the Algebra | or
Mathematics | course presented in the higher mathematics chapters of the framework. This is also true
for advanced courses mentioned below.

In addition, the framework contains suggested courses in Precalculus and Statistics and Probability
composed of CA CCSSM and an appendix on Mathematical Modeling (see appendix B). The Precalculus
course mainly consists of standards with a (+) symbol, about two-thirds of which have not yet been
taught in either the Integrated or Traditional Pathway; the course is designed to provide appropriate
preparation for Calculus. The 1997 Calculus and Advanced Placement Probability and Statistics courses
are also included.

Local educational agencies are not limited to offering the higher mathematics courses described in

this framework. Beyond providing the courses necessary for students to fulfill the state requirements
for high school graduation, local districts make decisions about which courses to offer their students.
For example, career technical education (CTE) courses that integrate the higher mathematics CA CCSSM
with technical and work-related knowledge and skills can make mathematics more relevant to students
and can be an alternate yet rigorous pathway which prepares students for technical education programs
after high school. CTE courses provide opportunities for students to engage in hands-on activities,
problem solving, and decision making while learning in an occupational setting. The California Career
Technical Education Model Curriculum Standards are a vital resource for designing CTE courses that
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incorporate the CA CCSSM.® There are also CTE courses developed by groups of educators at the
University of California Curriculum Integration (UCCI) Institutes that balance academic rigor with career
technical content and meet the mathematics component of the A—G requirements for college
admission.” In addition, appendix B provides guidance to assist local educational agencies in designing
a higher mathematics course in modeling.

The Statement on Competencies in Mathematics Expected of Entering College Students, issued by the
Intersegmental Committee of the Academic Senates of the California Community Colleges, the California
State University, and the University of California (ICAS 2013), is another document that local educational
agencies may want to consult as they determine which courses to offer and what content to incorporate
into the courses. This document describes the characteristics, skills, and knowledge students need in
order to succeed in college.

Each CA CCSSM course is described in its own chapter, starting with an overview of the course followed
by a detailed description of the mathematics content standards that are included in the course.
Throughout, there are examples that illustrate the mathematical ideas and connect the MP standards
to the content standards. In particular, standards that are expected to be new to existing secondary
teachers are explained more fully than standards that have appeared in the curriculum prior to the
adoption of the CA CCSSM.

It is important to note that some CA CCSSM standards are broad in scope and, as a result, are included
in more than one course. When this occurs, a parenthetical comment is included with the standard to
clarify the intent of the standard for that course. For example, the following standard appears in both
Algebra | and Algebra Il and has a different parenthetical comment for each course:

Algebra I
Arithmetic with Polynomials and Rational Expressions A-APR

Perform arithmetic operations on polynomials. [Linear and quadratic]

1. Understand that polynomials form a system analogous to the integers, namely, they are closed
under the operations of addition, subtraction, and multiplication; add, subtract, and multiply
polynomials.

Algebra 11

Arithmetic with Polynomials and Rational Expressions A-APR

Perform arithmetic operations on polynomials. [Beyond quadratic]

1. Understand that polynomials form a system analogous to the integers, namely, they are closed
under the operations of addition, subtraction, and multiplication; add, subtract, and multiply
polynomials.

6. California’s CTE model curriculum standards are viewable at http://www.cde.ca.gov/ci/ct/sf/ctemcstandards.asp (accessed
April 9, 2014).

7. For additional information, go to http://www.ucop.edu/agguide/career-technical-education/index.html (accessed April 9,
2014).
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In Algebra I, the notation specifies that the standard applies to linear and quadratic expressions. In
Algebra 11, the notation specifies that the standard applies to all expressions beyond quadratic.

California’s new mathematics framework is a vital document that teachers will reference often; it is not
a publication offering “business as usual.” This framework embodies the belief that all students can
learn mathematics and contains essential information for teachers and other stakeholders about
universal access to the curriculum, teaching strategies, assessment, technology, modeling, and instruc
tional materials. The framework also provides school and district administrators with information
about how to support high-quality instruction. It is important for teachers of a single grade level to
read not only their respective grade-level or course chapter in the framework, but also the grade level
or chapter immediately preceding and following their particular area of focus. This will help teachers to
plan a coherent, focused, and rigorous course of study.
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Transitional
Kindergarten

he Kindergarten Readiness Act of 2010 (Senate

Bill 1381, Chapter 705, Statutes of 2010) changed

the entry-age requirements for kindergarten in
California’s public schools.! It also required local educa-
tional agencies to offer transitional kindergarten (TK)
classes in addition to traditional kindergarten classes
starting in the 2012-13 school year. Transitional kinder-
garten is defined in California Education Code section
48000(d) as “the first year of a two-year kindergarten
program that uses a modified kindergarten curriculum
that is age and developmentally appropriate.” Traditional
kindergarten, by contrast, is a one-year program with

grade-specific curriculum.

The Kindergarten Readiness Act requires districts to
provide students in TK programs with instruction in a
modified kindergarten curriculum that is age and
developmentally appropriate, but it does not specify what
that curriculum should be. Districts must determine
what “age and developmentally appropriate” means in
terms of curriculum. The law also defines transitional
kindergarten as the first year of a two-year kindergarten
program, so preschool programs and TK programs

within a district should be distinct. To determine the

1. California Education Code section 48000(a) specifies that a child shall be admitted to
kindergarten at the beginning of the school year if the child will have his or her fifth
birthday on or before the following dates: November 1 for the 2012—13 school year,
October 1 for the 201314 school year, and September 1 for the 201415 school year.
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type of modified curriculum to implement, each district needs to consider how
transitional kindergarten fits into its early education system and how TK education
differs from instruction in preschool and traditional kindergarten classes. Instruc-
tional leadership at both the district and school levels is necessary to ensure that TK
programs meet the instructional and developmental needs of young learners. Ideally,
teachers and other professionals who know mathematics content and are well versed
in child development theories will develop the TK curriculum. If transitional kinder-
garten will truly serve as a bridge between preschool and traditional kindergarten,
coordination and articulation between preschool programs (in the district and the

community) and traditional kindergarten classes must occur.

Student Learning in Transitional Kindergarten

Unlike preschool or kindergarten, transitional kindergarten does not have grade-specific content stan-
dards. Therefore, the guidelines in this chapter reflect the range of abilities that students may possess
in the period between preschool and kindergarten, but they are not specific to a grade-level standard.
Each domain section in the chapter includes particular California Preschool Learning Foundations (for
children at age 60 months) and corresponding kindergarten standards from the California Common
Core State Standards for Mathematics (CA CCSSM). Sample activities that illustrate connections between
the foundations and the standards are provided.

To build the foundation for success in traditional kindergarten and beyond, instructional time for
mathematics in transitional kindergarten should focus on two critical areas: (1) representing, relating,
and operating on whole numbers; and (2) geometry, with a focus on identifying and describing shapes
and space, as well as analyzing, comparing, and composing shapes (California County Superintendents
Educational Services Association [CCSESA] 2011b). To help students gain a deeper understanding of
mathematics, the Standards for Mathematical Practice should be connected to content instruction.

“Instructional time should focus on two critical mathematical areas. One area is
representing, relating, and operating on whole numbers . . . The second import-
ant area is geometry with a focus on identifying and describing shapes and space;
and analyzing, comparing, creating, and comparing shapes. These two areas are
intricate and complex and build the foundation for future learning in mathemat-
ics. While both prepare the young learner for more formal mathematics instruc
tion, learning time should be devoted to number sense more than any other topic
in mathematics.”

—CCSESA 2011b, 26
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It is important to remember that all students need instruction that is appropriate for their develop-
mental level and provides opportunities for growth. In the classroom, this means that if a student is
struggling with some of the California Preschool Learning Foundations, he or she should be provided
with opportunities to develop abilities in those areas. Similarly, if a student meets some or all of the
kindergarten standards, that student should be provided with learning opportunities that extend
beyond the standards.

In transitional kindergarten, developmentally appropriate instruction involves hands-on activities for
students and learning experiences in small- to medium-size groups. Particularly important are opportu-
nities to support mathematical vocabulary acquisition in teacher—student and student—student interac-
tions. Questions of all kinds support mathematical thinking and problem solving, especially open-ended
and more challenging questions. Although the CA CCSSM do not emphasize calendar-time activities,
these activities may be valuable for students’ social and academic development if they support
important goals such as developing social skills (group participation, taking turns, and cooperation),
language skills, understanding of sequence, and number concepts.

High-quality support of mathematics education includes these important factors:

¢ A mathematically rich environment

® Frequent opportunities for mathematical discourse
¢ Engaging and meaningful mathematics activities

e Explicit instruction

e Modeling of mathematical thinking

e Nurturing of students’ mathematical explorations

A mathematically rich environment includes a mathematics center that is refreshed on a regular basis;
posters (e.g., showing shapes and numbers with sets) or wall sections devoted to interesting mathemat-
ics problems (Are there more ducks or geese? Fewer brown birds or gray birds?); a variety of manipulatives
(teddy bears, snap-together cubes, dinosaurs, vehicles, and the like); unit blocks; shopping parapher-
nalia (money, cash register, labels for prices, grocery store items); two- and three-dimensional shapes;
attribute blocks; and so forth.

Frequent opportunities for mathematical discourse and “math talk” build mathematical understanding
and vocabulary. Mathematical discourse requires thinking on one’s feet, knowing mathematics vocab-
ulary, and having definitions of mathematical terms and concepts that make sense to students. The
following examples of mathematical discourse are rich with mathematical vocabulary (e.g., triangle,
sides, corners, count, more, bigger, longer, and number words for 1-7).
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Example 1

Student Andrew: “Is this a triangle?” (Holds up a square.)

Teacher: “What do you think, children?” (Asks other children in the small group to contribute.)
Students, in unison: “No!”

Teacher: “Why not?”

Student Zahra: “Because a triangle doesn’t have four sides.”

Teacher: “That’s right. How many sides does a triangle have?”

Student Alexander: “Three!”

Teacher: “How many corners does a triangle have?”

Student Alexander: “Three, just like the sides!”

Example 2

Student Nora: “Sami isn’t being fair. He has more trains than | do.”
Teacher: “How do you know?”

Student Nora: “His pile looks bigger!”

Student Sami: “I don’t have more!”

Teacher: “How can we figure out if one of you has more?”

Student Nora: “We could count them.”

Teacher: “Okay, let’s have both of you count your trains.”

Student Sami: “One, two, three, four, five, six, seven.”

Student Nora: “One, two, three, four, five, six, seven.” (Fails to tag and count one of her eight trains.)
Student Sami: “She skipped one! That’s not fair!”

Teacher: “You are right; she did skip one. We could count again and be very careful to make sure not to
: skip—but can you think of another way that we can figure out if one of you has more?”

Student Sami: “We could line them up against each other and see who has a longer train.”

Teacher: “Okay, show me how you do that. Sami, you line up your trains, and Nora, you line up your trains.”

Engaging and meaningful mathematics activities are those that encourage students to think mathemat-
ically about the world around them. These frequently require careful planning. For a student who is
interested in dinosaurs, helping him or her make a t-chart of herbivores and carnivores (using pictures
or toy versions of the dinosaurs or writing the names of the dinosaurs from a book) and then having
the student count the number of dinosaurs in each category may be a highly engaging activity. Some
students enjoy the challenge of recreating structures with building blocks that connect or snap together
or with magnetic builders (see figure TK-1). Create a structure with one of these sets, and ask a student
to recreate it, including exact shapes, colors, and positions. Then ask a student to create a set that you
or other students duplicate—tell the student to make it as difficult as possible. Then have them ana-
lyze whether you and the other students recreated it correctly.
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Explicit instruction is vital in transi-
tional kindergarten. It allows teachers
to support students’ acquisition of
concepts that may not come up in
play or other classroom activities.
Explicit instruction does not mean
didactic; rather, it means purpose-
fully providing activities that support
the understanding of a mathematical
concept. The previous example of the
dinosaur sorting activity is explicit
(and yet highly engaging to a dino-
saur fan!). Other examples of explicit
instruction include dividing a set of toy trucks into three equal (and fair) shares and measuring how
many children, lying end to end on the floor, it would take to equal the length of a whale shark. Then
the teacher could ask the students to figure out how many mice it would take to equal the length of
the shark: Does it take more mice or more children? All of these activities are purposeful, explicit, and
contain important mathematical concepts.

Figure TK-1. A Structure Made of Building Blocks

Modeling of mathematical thinking provides students with strategies, techniques, and a path to deeper
and more flexible understanding of mathematical concepts. There are many ways to sort students into
groups—by color of clothing, laced shoes versus non-laced shoes, counting off, or by using the first or
last letter of students’ names. Visually and verbally modeling these sorting techniques helps students
understand that there is more than one way to solve a problem. Teachers encounter mathematics
problems throughout the day. Pencils are needed at each table (How many at each table? What is the
total number of pencils needed?). More milk cartons are needed from the cafeteria (How many more?).
Other questions arise: How many minutes before lunch time? How many cotton balls are needed for this
activity? Solving these and other problems out loud with students allows students to see the usefulness
of mathematics in real-world situations. In addition, visual aids such as a list of numbers with dots in
5-patterns above them may support analysis and learning of number words and quantities.

Finally, nurturing of students’ mathematical explorations may create a classroom atmosphere where
students believe they can solve problems and learn fun new concepts. Discovering repeating numbers
in a hundreds chart is eye-opening for a young student. It can also be magical for a student to realize
that 1 plus any whole number equals the next number in the counting sequence. Activities like these
nurture students’ interest and encourage future mathematical investigations.

Creating a learning environment that supports foundational mathematics is critical for the acquisition
of later, more complex mathematical knowledge and skills. Research shows that early mathematics
skills at entry to kindergarten are predictive of later academic success in both reading and mathematics
(Duncan et al. 2007). Transitional kindergarten provides an excellent opportunity to continue building
on students’ mathematical understandings. Because children arrive at school with varied mathematical
experiences, differentiated instruction is an essential part of classroom teaching; see the Universal
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Access chapter for more information. Understanding each student’s development and fine-tuning
instruction to meet each student’s needs are critical to providing quality education for all students. This
is also true for English learners and students with disabilities. Although whole-group activities may be
useful for introducing a concept or playing a game, smaller groups or one-on-one interactions are
necessary for student acquisition of in-depth knowledge of concepts and teachers’ understanding of
each student’s mathematical thinking, knowledge, and skills.

References to the Standards for Mathematical Practice (MP) are woven throughout the activity examples
in this chapter. The MP standards describe how mathematically proficient students engage in mathe-
matics and suggest behaviors to nurture in students. The MP standards are appropriate for transitional
kindergarten students and should be integrated throughout instruction. Examples of these practices
that are specific to transitional kindergarten are provided in table TK-3 at the end of the chapter.

One approach to developing a modified curriculum that is age and developmentally appropriate is to
consider the intersections between the California Preschool Learning Foundations and the CA CCSSM
for kindergarten (CCSESA 2011b). Transitional kindergarten may be thought of as an opportunity to
introduce students to some of the kindergarten standards rather than expecting students to strive for
mastery of those standards. Especially at the beginning of a TK program, a modified curriculum could
provide more hands-on activities, more learning through play and exploration, and more time to
develop students’ mathematical skills and conceptual understandings in core lessons about smaller
numbers. It should focus on developing skills and habits of mind that lead to success in traditional
kindergarten, including problem solving, persistence, and reasoning.

In 2012, the California Department of Education published a document—The Alignment of the Califor-
nia Preschool Learning Foundations with Key Early Education Resources (http://www.cde.ca.gov/sp/cd/re/
documents/psalignment.pdf) [CDE 2012a]—that connects the California Infant/Toddler Learning and
Development Foundations, Head Start Child Development and Early Learning Framework, California Pre-
school Learning Foundations, and CA CCSSM. Table TK-1 shows the connection between the California
Preschool Learning Foundations and the Standards for Mathematical Practice. Similarly, table TK-2 shows
the alignment between the California Preschool Learning Foundations and the kindergarten CA CCSSM.

Table TK-1. Alignment Between the California Preschool Learning Foundations and the
Standards for Mathematical Practice

California Preschool Standards for Mathematical Practice for Grades K—12 (MP)
Learning Foundations MP.1 Make sense of problems and persevere in solving them.

MP.2 Reason abstractly and quantitatively.

MP.3 Construct viable arguments and critique the reasoning of others.

Mathematical Reasoning MP.4 Model with mathematics.

Children use mathematical MP.5 Use appropriate tools strategically.
thinking to solve problems in MP.6 Attend to precision.

their everyday environment. MP.7 Look for and make use of structure.

MP.8 Look for and express regularity in repeated reasoning.
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Table TK-2. Alignment Between the California Preschool Learning Foundations
and the California Common Core State Standards for Mathematics

(Kindergarten)

California Preschool Learning Foundations

Mathematics

Number Sense

Children understand numbers and quantities in
their everyday environment.

Children understand number relationships and
operations in their everyday environment.

Algebra and Functions
(Classification and Patterning)

Children sort and classify objects in their every-
day environment.

Children recognize/expand understanding of
simple repeating patterns.

Measurement

Children compare, order, and measure ojects.

Geometry

Children identify and use shapes.

Children understand positions in space.

California Common Core State
Standards—Kindergarten

Mathematics

Counting and Cardinality
Know number names and the count sequence
Count to tell the number of objects

Compare numbers

Operations and Algebraic Thinking

Understand addition as putting together and
adding to, and subtraction as taking apart and
taking from

Number and Operations in Base Ten

Work with numbers 11-19 to gain foundations
for place value

Measurement and Data

Classify objects and count the number of objects
in categories

Measurement and Data

Describe and compare measurable attributes

Geometry

Identify and describe shapes (squares, circles,
triangles, rectangles, hexagons, cubes, cones,
cylinders, and spheres).

Analyze, compare, create, and compose shapes.

Identify and describe shapes (squares, circles,
triangles, rectangles, hexagons, cubes, cones,
cylinders, and spheres).
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Integration of Domains

The following tables integrate the California Preschool Learning Foundations for children at around

60 months of age and the corresponding kindergarten domains from the CA CCSSM. The tables are
provided to facilitate district-level discussions on the development of a modified curriculum for mathe-
matics instruction in transitional kindergarten that is age and developmentally appropriate. Each table
includes these elements:

e (alifornia Preschool Learning Foundations and corresponding CA CCSSM kindergarten standards

¢ Vocabulary—a list of vocabulary words that students should acquire as they expand their
understanding of the concepts

e What it looks like—examples of what understanding the concepts might look or sound like in
the classroom (in ascending order of complexity)

® Bigideas—some of the main ideas involved in grasping the concepts related to the standard(s)

e Instructional issues—misconceptions or common conceptual difficulties that students might
have

e Activities—classroom exercises that support the acquisition of the abilities embodied in the
California Preschool Learning Foundations and CA CCSSM (in ascending order of complexity)

California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age)
Number Sense Counting and Cardinality (CC)
Children expand their understanding of numbers : Know number names and the count sequence.

d tities in thei d i t.
anc quantifies In their everyday environmen K.CC.1 Count to 100 by ones and by tens.

PLF.NS—1.1 Recite numbers in order to 20 with

. . , K.CC.2 Count forward beginning from a given
increasing accuracy.

number within the known sequence (instead of
having to begin at 1).

%Vocabulary: Number words (e.g., one, two, three, and so on, from 1 to 100), count, count by, count from,
i number, next number, How did you figure that out?

What it looks like:
e While playing hide-and-seek, Ezra counts to 20 before looking for the other children.
e When asked to count as high as she can, Melia counts to 50.

e When asked how old he is, Kenji answers, “I'm five, and then I'll be six, seven, eight, nine, ten!
(MP.7, MP.8)

2. In the California Preschool Learning Foundations, Volume 1 (CDE 2008), this foundation is listed only as “1.1” in the Number
Sense strand. A naming pattern was created for the mathematics framework to make clearer comparisons between the
preschool foundations and California’s Common Core State Standards. For PLF.NS—1.1, PLF stands for Preschool Learning
Foundations, NS stands for Number Sense, and 7.7 is the specific foundation referenced. Also note that numerals, not the
spelled-out number names that appear in the published PLF document, are used throughout the mathematics framework in
places where preschool foundations are listed.
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Big ideas: Students learn to recite numbers before they can apply one-to-one concepts to counting objects or
understand cardinality (i.e., the last number counted represents the numerosity of the set). Encourage students
i to slow down as they count. After students have had experiences counting from 1, have them start counting in :
the middle of the counting sequence to encourage conceptual understanding of the order of numbers. :
Instructional issues: An important goal in early mathematics instruction is for students to achieve fluency with
the counting sequence. Students may learn a short sequence of numbers (“four-five-six”) and not understand
i that they are separate numbers (similar to the “/-m-n-o-p” issue when learning the alphabet). Numbers 11
through 15 may be difficult for students to learn because these numbers do not follow the pattern of 16
through 19 (the number followed by teen). Use discussions about how these numbers are kind of funny—
calling attention to the irregularity of these number names may make it easier for students to remember that
the names do not follow the regular naming pattern.

Note: Saying the counting numbers is sometimes referred to as verbal or rote counting and does not indicate
i an understanding of object counting with one-to-one correspondence.

Activities: Transition times are useful for providing opportunities to learn the counting numbers. Students may
i count how long it takes to clean up the blocks, sit in a circle, and so on. These are not precise measures of
time; rather, they provide students with chances to exercise their newfound rote counting abilities. (MP.4)

Using a puppet named George, tell the students a story about how George has difficulty remembering how to
count. Tell them that you want them to help George figure out when his counting is incorrect. Ask the students
i to raise their hands when they hear George make a mistake and to remember George’s counting mistake. In i
George’s voice, count to 10, skipping or repeating one number in the sequence. Call on the students who raise :
their hands to describe George’s mistake. Ask questions to make sure students thoroughly describe the mistake
i and how George can fix it. (MP.2, MP.3, MP4, MP.6) :

During whole-group time, ask the students to sit in a circle and tell them that they are going to play a counting
game. Tell them that this is a fancy game of counting called “Everybody Gets a Number.” Choose a child to start
the counting sequence. That child says “One” aloud; the child sitting to his or her left (going clockwise around
the circle) says the next number, and the counting continues with each child in the circle. When a child says
i an incorrect number or does not know the next number, ask for the child to his or her right to help out. If that :
child does not know the number, ask the child to his or her right (keep asking the next student to the right until
you find a child who can help). As students advance in knowledge, increase the difficulty of the game by asking
the students to count faster, make the number goal higher, start with a number other than 1, or count by tens.
: (MP.1, MP4, MP.7) f
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California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age) :

Number Sense Counting and Cardinality (CC)

: Children expand their understanding of numbers  : Know number names and the count sequence.

i and tities in thei d i t. s :
; and quantifies in their everyday environmen : K.CC.3 Write numbers from 0 to 20. Represent

{ PLF.NS—1.2 Recognize and know the names of some : a number of objects with a written numeral 0-20
i written numerals. i (with 0 representing a count of no objects).

What it looks like:
e Thomas sees the numeral 4 on the wall and says, “I'm that number!”
e Zeke paints the numeral 5 several times at the easel.

e Using a puzzle that involves matching numbers with objects, Susan correctly matches the numerals
6 through 10 with pictures of sets of animals that number 6 through 10. (MP.2, MP.4, MP.6)

e After drawing a pumpkin with four teeth, Maria draws a pumpkin with no teeth, laughs, and then
says, “Look, zero teeth!” (MP.2, MP.4)

Big ideas: Numerals (written or printed numbers) can describe the numerosity of a set of objects. Zero

i represents an empty set (in other words, no objects to count).

Instructional issues: Students learn to count with smaller sets before they learn to count larger sets. Students
may draw numbers backwards or confuse numbers that look similar to each other (e.g., 6 and 9). The concept
of zero is difficult for students to understand and may require many examples and experiences. {
Activities: Ask students to go on a Number Hunt around the classroom. The game may be played in a variety
i of ways. Students could look for any numeral and then name it when called upon. Alternatively, the teacher
might ask students to look for particular numerals. Number cards (one for each student in the classroom;
some numbers may appear on more than one card) may be hidden around the room, and then the teacher
can ask each student to find a number card and name the number on his or her card when called upon.

: Students create their own number cards (with the numerals 0 through 10), decorating them as they wish
(using construction paper, index cards, card stock, plain white paper, and the like). The teacher then asks
the students to put the cards in order and varies the activity by having students trade sets and put their new
: cards in order. (MP.2, MP.4, MP.6)

Give students a number card (or let them choose) and ask them to find the same number of objects in their

i environment. Students bring their card and objects back to a central location (perhaps a rug or table) and i
share their findings with each other. With multiple students and different number cards, they can order their
number cards and objects. To help students understand the concept of zero, hold up a number card with the
numeral 0 and encourage the students to discuss how many objects they could match with the card. If '
appropriate, discuss with students how they know their numeral card matches the set they have displayed.
 (MP.2, MP.3, MP4, MP.6)
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California Preschool Learning Foundations
(at around 60 months of age)

Number Sense

CA CCSSM — Kindergarten

Counting and Cardinality (CC)

Children expand their understanding of numbers
and quantities in their everyday environment.

PLF.NS-1.3 Identify, without counting, the number
of objects in a collection of up to four objects
i (i.e., subitize) *

PLF.NS—1.4 Count up to 10 objects, using one-to-one

i correspondence (one object for each number word)
i with increasing accuracy.

PLF.NS-1.5 Understand, when counting, that the

i number name of the last object counted represents
the total number of objects in the group (i.e., cardi-
! nality).

*The Alignment of the California Preschool Learning Founda-
tions with Key Early Education Resources (CDE 2012a) places
i this foundation in a separate category that is not aligned

between naming the numerosity of a set attained through
i subitizing and learning to count a set.

: What it looks like:

Count to tell the number of objects.

K.CC.4 Understand the relationship between numbers
and quantities; connect counting to cardinality. :

a. When counting objects, say the number
names in the standard order, pairing each
object with one and only one number name
and each number name with one and only
one object.

b. Understand that the last number name said  :
tells the number of objects counted. The num-
ber of objects is the same regardless of their
arrangement or the order in which they were
counted.

¢. Understand that each successive number
name refers to a quantity that is one larger.

{ K.CC.5 Count to answer “how many?” questions about :
: i as many as 20 things arranged in a line, a rectangular
i with the CA CCSSM. It is retained here to show the connection array, or a circle, or as many as 10 things in a scat- H
tered configuration; given a number from 1 to 20,

count out that many objects.

e Nathan glances at the number cube on the table and says, “Look! | got three!”

e DeSean lines up his eight toy cars and, touching each one, counts accurately 1 through 8. (MP.6)

e The teacher asks Talia to count how many students are in the group. Talia counts six students and

then announces, “There are six.” (MP.8)

e When one more student joins the group, the teacher asks, “Now how many are in the group?” Talia
answers, “That’s easy—one more, that’s seven!” (MP.2, MP.8)

e Diamond is passing out pencils at each table; she accurately places six pencils on each of the four

tables. (MP.2, MP.4, MP.6, MP.8)

Big ideas: Students at this age can subitize (immediately, and without counting, perceive a quantity) up to
about four objects. This may increase to six when the objects are in a stereotypical arrangement (e.g., six pips
on a domino). Cardinality refers to the ability to determine the numerosity of a set. Students initially count
i each item in a set, but when asked “How many?”, they will count the set again. When students gain an under- :
standing of cardinality, they will answer with the last number that they counted instead of counting the set :
again and know that the last number tells how many there are.
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Instructional issues: It may take a while for students to construct strategies to keep track of what has been
counted in a set. Two of these strategies are touching each object in a row until the end has been reached
and moving aside the objects already counted. Counting an existing set is easier for students than creating

a smaller set from a larger set (e.g., taking exactly six teddy bears from a large container of many bears)
because they have to remember the number to which they are counting while counting. When beginning
activities that require a particular number of objects (e.g., five cards), teachers can encourage conceptual
understanding of cardinality by having the students count out their cards from the larger set of cards instead
; of doing it for them.

Activities: Create a Number Wall with a “Number of the Week” where students display sets of pictures
(magazine, drawings, stickers, and so on) that are equal in number (e.g., six magazine pictures of trees).
Arrange pictures so that they are in groups that can be subitized. Each week, change the “Number of the
i Week.” (MP.2, MP4, MP.6)

An activity that encourages both numeral recognition and object counting can be created using a numeral
strip (piece of paper containing a row of boxes with numerals printed in them, beginning with the numeral
1), number cubes or a spinner, and counters. Students take turns rolling the number cubes (or spinning) and
then count out that many counters (teddy bears, cars, and the like) to show they are correct; then they cross
i out that numeral on their numeral strip. The game ends when all students have all numerals crossed out on
their numeral strips. Note that numeral strips should have all possible number cubes or spinner numerals in
i order. (MP.1, MP.2, MP.4, MP.6, MP.7)

Play board games that require students to count spaces; such games usually come with number cubes or

 spinners. Note that the use of a number line is not formally introduced in the CA CCSSM until grade two. All
number lists or number paths should have the numbers within a shape (usually squares) that may or may not
be connected to adjacent shapes. (MP.2, MP.4, MP.6, MP.7) :

California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age) :
Number Sense Counting and Cardinality (CC)
Children expand their understanding of number Compare numbers.

i relationships and operations in their everyday

P K.CC.6 Identify whether the number of objects in
i environment. H

one group is greater than, less than, or equal to the

PLFE.NS-2.1 Compare, by counting or matching, : number of objects in another group, e.g., by using
i two groups of up to five objects and communicate i matching and counting strategies.
i “more,” “same as,” or “fewer” (or “less”).

K.CC.7 Compare two numbers between 1 and 10
i represented as written numerals.
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What it looks like:

e Jasmin and Lucas are playing in the block area, trying to divide the long blocks equally between
themselves. In lining them up in one-to-one correspondence, Lucas says, “You have five and | only
have four. You have more than | do!” (MP.2, MP.3, MP.5, MP.6)

e John and Jamal are playing with trains. After counting the trains several times, Jamal says, “I have
eight trains, and you only have six! That’s not fair. If | give you one of my trains, then we’ll both have
seven.” (MP.2, MP.3, MP.6)

e Angel and Lisa are looking at graphs showing numbers of students who like various fruits. Angel
remarks, “Look, more like apples than oranges. See? Apples has an 8 and oranges only has a 2.”
(MP.2, MP.3, MP.4, MP.6, MP.8)

Big ideas: Students may initially compare sets perceptually (“That one has more!”) or by lining them up in
one-to-one correspondence, or they may count both sets to compare quantitatively (“One, two, three. One,
 two, three—we both have three!”). Moving from comparing two sets of objects to comparing numerical
symbols may be difficult for students. Encourage conceptual understanding by offering many opportunities
to use numerals with matching sets of objects.

Instructional issues: Fair sharing in the classroom can play a big part in providing opportunities for students

i to compare quantities (everyone wants a fair share!). Some students may be confused by the length or size

of a set of objects when comparing it to another set. Lining up objects in one-to-one correspondence may :
help students ascertain whether one set is larger than another. Students may struggle to understand that the
numerosity of a set does not change if nothing is added or taken away. Using the question “Is this group really
i more, or does it just look like more?” may be helpful. Teachers should use the words fewer and less more :
frequently than the word more, because children typically have fewer opportunities to learn the words fewer
tand less.

Activities: Card game of Compare (comparing numerals or sets of icons on cards). Each student receives a set
of cards with numerals or sets of objects on them (within 5). Working with a partner, each student flips over
one card (like the card game “War”). The students decide which card represents more or fewer, or if the cards
: are the same as. (MP.2) :

Play a game in which you create a set of counters (1-9). Count the counters with a small group of students.
Then either add one more or take away one counter from the set. Then ask the students to figure out how
i many there are in the set. Involve the students in a discussion of how they can figure out the answer (there
are several ways) and how they know the answer; involve the entire group in the discussion, making sure that
all students participate. To support students’ understanding, display a number list or path in the classroom—
at the students’ eye level—showing the numerals in order from 1 (these are the counting numbers) with dots
in groups of 5 above them. (MP.1, MP.2, MP.3, MP.4, MP.8) :

In a small group, play a game with counters (teddy bears, cars, and the like) with the students. Create a set
and ask the students to create their own sets of the same number. Work with 1 to 10 counters. To increase the
i complexity of the game, ask the students to create a set that is one more or one less than your set, or have
them create a set that has more (or fewer) objects than yours. Have a discussion with the students, asking

each child to describe her or his set—whether it is larger or smaller than yours and how they know. If
 students do not use the phrase “the extra” during the discussion, pointing to the objects that are “the extra”
may be helpful. The group with more has extra objects. (MP.1, MP.2, MP.3, MP.4, MP.7, MP.8)
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California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age) :

Number Sense Operations and Algebraic Thinking (OA)
Children expand their understanding of number Understand addition as putting together and adding
relationships and operations in their everyday to, and understand subtraction as taking apart and
i environment. i taking from.

PLF.NS-2.2 Understand that adding one or taking K.0OA.1 Represent addition and subtraction with
i away one changes the number in a small group of i objects, fingers, mental images, drawings, sounds )
i objects by exactly one. i (e.g., claps), acting out situations, verbal explanations,

H . i expressions, or equations.
i PLENS—2.3 Understand that putting two groups of P q

objects together will make a bigger group and that K.0A.2 Solve addition and subtraction word prob-

a group of objects can be taken apart into smaller lems, and add and subtract within 10, e.g., by using
groups. objects or drawings to represent the problem.
PLF.NS-2.4 Solve simple addition and subtraction K.OA.3 Decompose numbers less than or equal to 10
problems with a small number of objects (sums up to into pairs in more than one way, e.g., by using objects
£ 10), usually by counting. i or drawings, and record each decomposition by a :

drawing or equation (e.g., 5=2+3and 5=4 + 1).

K.0A.4 For any number from 1 to 9, find the number
: that makes 10 when added to the given number, e.g., :
by using objects or drawings, and record the answer |
: with a drawing or equation.

K.0A.5 Fluently add and subtract within 5.

Vocabulary: Bigger, smaller, add, subtract, take away, addition, subtraction, adding, subtracting, make 10, all
i together, equals, the same as, in all, total, amount left

 What it looks like:

e Tony announces, “Look, if we put your blocks with my blocks, we have a bigger pile! We have more.”
(This is an example of an Add To/Result Unknown situation. See table GL-4 in the glossary.) (MP.8)

e Miriam says, “I have three cows and two pigs. That makes one, two, three, four, five. Five animals!”
(This is an example of a Put Together/Total Unknown addition situation. See table GL-4 in the
glossary.) (MP.2, MP.4, MP.6)

e While playing in the block area, José says to Antonio, “If we put your cylinders with my cylinders, we’'ll
have, one, two three, four, five, six cylinders—enough for the factory smokestacks!” (This is another
example of a Put Together/Total Unknown addition situation.) (MP.2, MP.4)

e Oscar says, “There are five cars, but two are broken, so we can only use three of them.” (This is an
example of a Take From/Results Unknown subtraction situation. See table GL-4 in the glossary.)
(MP.2, MP4)
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Big ideas: Most young students use a counting-all strategy to solve addition problems with objects. That is,

i they count all of the objects in both sets. However, some students will go on to learn the more advanced
grade-one strategy of counting on from the larger set (e.g., when adding four and two objects, they begin :
with “Four” and continue, “five, six”). Provide students with opportunities to take apart groups of objects and
examine how many they started with, how many were taken away, and how many are left. Table GL-4 in the
i glossary illustrates the variety of addition and subtraction situations and difficulty level. Students in transi-
tional kindergarten may work with problems involving Add To/Take From with Result Unknown, Put Together/
Take Apart with Total Unknown, and Both Addends Unknown.

Instructional issues: Students can directly model addition and subtraction situations given by the teacher or
taken from their own lives. Provide frequent opportunities to engage in addition and subtraction activities
involving story situations; students should learn to tell such stories and not just solve them. Initially working :
i within addends less than 5 encourages in-depth understanding of addition and subtraction concepts. Encour- :
age problem solving through the use of fingers, drawings, and manipulatives. When introducing the equal
sign (=), emphasize and illustrate that the symbol means equal (not “the answer is”). Stress that the quantities
represented on the left and right sides of this symbol must be the same (they can be objects, numerals, or
expressions). Use the equation form 5 = 3 + 2 when taking apart a number to show both addends. Using the
word partners for addends helps students to conceptualize these numbers as hiding inside a number. :
Activities: While reading books, ask questions about numbers. For instance, in a book about dogs, on the

page showing a picture of two dogs, ask how many dogs there are, and then ask questions such as these:

How many legs does one dog have? How many legs do two dogs have? If one dog left the page, how many legs
would be left? (MP1, MP.2, MP.4, MP.6, MP.7)

During small-group or whole-group time, have students represent with their fingers the addends in a story ~:
i problem. Call on individual students to explain how they decided how many fingers to choose for each hand.
Example: “One day, two baby dinosaurs hatched out of their eggs. The mama triceratops was so excited that :
she called to her auntie to come and see. Then four more baby dinosaurs hatched! How many dinosaurs
hatched all together? Mirasol, can you show me how many fingers you used?” Note that children from
different cultures learn to show numbers on their fingers in different ways. Children may start with the

i thumb, the little finger, or the pointing finger. Support all of these ways of showing numbers with fingers.

: (MP.2, MP4, MP.5)

Present students with story problems and encourage the students to solve the problems with manipulatives

i or drawings. Initially, talking about how one can represent the problem on paper or with manipulatives

might be useful. Example: “Four cars are waiting to be repaired at the repair shop. These blocks will be the
cars [puts four blocks in front of the students]. Paul said that his garage has only two car lifts. If we put these
two cars up on the lifts [moves the blocks away from the group of four], how many cars are waiting for their
 turn on the lifts?” (MP.2, MP.4, MP.5)
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California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age) :

Measurement Measurement and Data (MD)

Children expand their understanding of comparing, Describe and compare measurable attributes.

i ordering, and measuring objects. H . . .
8 & 0b) i K.MD.1 Describe measurable attributes of objects,

PLF.M-1.1 Compare two objects by length, weight, or such as length or weight. Describe several measurable
; capacity directly (e.g., putting objects side by side) or ; attributes of a single object. :

findirectly (e.g., usi third object). : . . .
indirectly (e.g,, using a third object) i K.MD.2 Directly compare two objects with a mea-

PLF.M-1.2 Order four or more objects by size. surable attribute in common, to see which object has

. . . i “more of”/”less of” the attribute, and describe the
i PLEM-1.3 Measure length using multiple duplicates /

| of the same-size concrete units laid end to end difference. For example, directly compare the heights of
' i two children and describe one child as taller/shorter.

éVocabuIary: Longest, shortest, largest, smallest, heaviest, lightest, highest, lowest, most, least, more than, less
than, same as, shorter than, longer than, larger than, smaller than, heavier than, lighter than

 What it looks like:
: e Jake lines up the four twigs he found on the playground in order of length. (MP.4, MP.7)

e Tyrone pulls his train up beside Malik’s with the engines lined up and says, “My train is longer than
your train.” (MP.4, MP.6, MP.7)

e Dylan and Kiara are comparing the pumpkins they have drawn and cut out. Kiara puts Dylan’s pump-
kin on top of hers and says, “My pumpkin is bigger than yours.” Kiara then measures her pumpkin’s
mouth with her index finger and compares it to the mouth on Dylan’s pumpkin. She says, “Your
pumpkin has a longer mouth than mine!” (MP.4, MP.5)

Big ideas: For students in later grades, measuring usually means assigning a numerical quantity to an object
(e.g., 4 pounds or 6 inches). Generally, this is referred to as formal measurement. However, for younger :
students, directly comparing these attributes (informal measurement) forms an important foundation for later
understanding. Using duplicates of concrete objects that are the same size prepares students for thinking :
i about repeating units (such as inches on a ruler or measuring tape). Emphasizing that these units are all the
same size is an important concept that provides scaffolding for later formal measurement.

Instructional issues: Students may not understand that in order to compare the length or height of objects,

all of the objects must have the same starting point (e.g., in measuring the height of four objects, they are

all placed upright on a table). Help students develop this ability. For vertical measurements, use the table or
i floor as the starting point. For horizontal measurement, mark the starting point with tape (by drawing a line) :
or with a straight stick. When students are measuring with non-standard units of measure, encourage them to
: use the same unit to measure each item. :
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Activities: Make balance scales available in your classroom. Encourage students to use them to compare the
i weight of objects. Before students weigh two different objects, ask them to estimate which object is heavier
i and then check their guesses after the items are weighed. (MP.5, MP.6)

Divide the class into four to six groups of students. Choose items from your classroom with measurable :
attributes—for example, pencils, dolls, or trucks for length; pumpkins, balls, or beanbags for weight. Provide
each group of students with one of these items. After distributing, ask each group to find objects that are :
shorter/longer or heavier/lighter than the item you have given them (one item per student). Give the groups

i about five to 10 minutes to complete this task. Then ask each group to make two piles of objects they have
collected—one that consists of longer/heavier objects than the initial object you have provided and one that
is shorter/lighter. The goal is for all students in the group to agree on which pile each item belongs in. Then
have all students in the classroom listen as each group reports to the whole group on their decisions. In order
to keep all students engaged, tell them to listen carefully to the decisions made by other groups, to be pre-
i pared to say whether they agree or not, and to explain how they might check the accuracy of the decisions.

: (MP.3, MP4, MP.8)

Young students are fascinated by large creatures. Find a children’s book about dinosaurs or elephants that
: talks about the size of these animals. Create an activity in which the dinosaur or elephant is drawn to scale on :
the playground. Ask the students how they could measure the animal with their bodies (“How many children
tall is a dinosaur? How many hands tall?”). Have a discussion about whether all children are the same height
or not, and ask if it would it make a difference if you measured a dinosaur with different-sized children

i (“Would it take fewer third-grade students laid end to end than it would if transitional kindergarten students
were laid end to end?”). Be sure to include discussion of the ability or inability to measure exactly the num-
ber of children (for instance, if it takes four children and a part of a child). This is not to teach fractions, but
to highlight the unit of measurement and underscore the importance of using a standardized unit (e.g., “four
i Sams high” is different from “four Susies high”). (MP.2, MP.3, MP.4, MP.8) '
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California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age) :

Algebra and Functions Measurement and Data (MD)

Children expand their understanding of sorting and Classify objects and count the number of objects in
classifying objects in their everyday environment.  : each category.

PLF.AF-1.1 Sort and classify objects by one or more K.MD.3 Classify objects into given categories; count
attributes, into two or more groups, with increasing | the numbers of objects in each category and sort the
accuracy (e.g., may sort first by one attribute and categories by count.

then by another attribute). :

i What it looks like:

e Jane is playing with the teddy-bear counters. The counters come in three sizes and four colors. First
she divides them by color into four groups. Then she says, “Now I'm gonna put all the Daddies ;
together and the Mamas together and the babies together.” She sorts all of the bears into these three
sizes. (MP:1, MP.3, MP.4, MP.6, MP.8) :

e Garrett is sorting buttons. First he sorts by color, then by size. (MP.4, MP.6, MP.8)

e Demetrius is sorting the trains into engines, coal carriers, and flat train cars. He announces, “I have
more flat cars than coal carriers, and | only have two engines.” (MP.2, MP.4, MP.6)

Instructional issues: Being able to sort a group of objects by more than one attribute is an important ability.
Help students develop this ability by encouraging this activity in a variety of settings, not just with manipu-
latives. If you go on a walk, ask the students to think about how many ways trees could be grouped (e.g., by
i leaf shape, trunk color, type of fruit, and so forth). While eating lunch, ask students to give different ways for
grouping vegetables (by color, softness or hardness, and so on).

Activities: Attribute blocks provide a good way to encourage students to think of different ways to categorize
objects. They may be grouped by color, shape, size, and thickness. (MP.1, MP.4, MP.8)

Have students sit in four to six small groups. Have each group gather 10 to 12 objects from the classroom, and
i ask the students to figure out different ways to sort the items. Encourage discussion within each group as part :
of the decision-making process. Then have each group present its categories to the class and explain why the
objects belong in the category. (MP.1, MP.3, MP.4, MP.8) :

Place 10 objects in two groups; items in each group should be related to one another in some way. Ask
students, “How are these objects grouped together? Why were these objects placed in the same group? Why
are there two groups of objects?” Encourage students to discuss the attributes they notice for each group

i and to explain their reasoning. This activity could be simple or complex, depending on the readiness of the
 students. (MP.1, MP.3, MP.6, MP.7)
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California Preschool Learning Foundations CA CCSSM — Kindergarten
(at around 60 months of age) :

Geometry Geometry (G)

Children identify and use a variety of shapes in their Identify and describe shapes (squares, circles,
everyday environment. triangles, rectangles, hexagons, cubes, cones,

: ) . . i cylinders, and spheres).
i PLF.G-1.1 Identify, describe, and construct a variety Y P )

of different shapes, including variations of a circle, K.G.1 Describe objects in the environment using
triangle, rectangle, square, and other shapes. names of shapes, and describe the relative positions
: i of these objects using terms such as above, below,

i PLF.G-1.2 Combine different shapes to create beside, in front of, behind, and next to.

a picture or design.

: N . . K.G.2 Correctl h dless of thei
i PLE.G-2.1 Identify positions of objects and people in ; orrectly name shapes regardiess of their

{ . o o i orientations or overall size.

i space, including in/on/under, up/down, inside/

 outside, beside/between, and in front/behind. i K.6.3 Identify shapes as two-dimensional (lying in a
: i plane, “flat”) or three-dimensional (“solid”).

i Analyze, compare, create, and compose shapes.

K.G.4 Analyze and compare two- and three-dimen-

i sional shapes, in different sizes and orientations, :
using informal language to describe their similarities,
differences, parts (e.g., number of sides and vertices/ i
“corners”) and other attributes (e.g., having sides of

i equal length).

K.G.5 Model shapes in the world by building shapes
from components (e.g., sticks and clay balls) and
drawing shapes.

K.G.6 Compose simple shapes to form larger shapes. :
i For example, “Can you join these two triangles with full
i sides touching to make a rectangle?” :

i Vocabulary: In, on, under, up, down, inside, outside, beside, between, in front, behind, below, next to, flat, solid, :
i square, circle, triangle, rectangle, hexagon, cube, cone, cylinder, sphere, side, corner, vertex, vertices :

- What it looks like:
e Xavier says, “Look, the window is a rectangle, and it has rectangles in it!” (MP.7)

e Ina class discussion about shapes, Veronica says, “A sphere is just like a ball— round all around!”
(MP.2)

® |n adiscussion about the prepositions above and below, Cho says, “That’s funny, things can be both!
Everything is above the floor and below the ceiling!” (MP.2, MP.3)

Big ideas: Shapes have fixed attributes, such as the number of sides and corners. Knowledge of three-dimen-

i sional shapes is important; do not limit exposure to two-dimensional shapes. Two or more shapes can be put

: together to make new shapes. :
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Instructional issues: Shapes should be provided in all orientations and all permutations (long rectangles,
triangles with a vertex pointing down, isosceles triangles, scalene triangles), and these should be discussed

to help students focus on the central attributes. Help students to understand the difference between actual
representations of shapes and common objects with similar characteristics (e.g., an apple has round charac-

i teristics, but it is not a sphere). Help students begin to understand that some shapes are special cases of a :
larger shape category (e.g., a square is a special rectangle that has all sides of equal lengths). Students should
compose and decompose shapes with right angles and not just pattern blocks made from equilateral triangles.

Activities: In a whole group or small group, talk about words that describe where something is. Examples are
in, on, under, up, down, inside, outside, beside, between, in front, behind, below, and next to. Ask each student
to find an example of these positions/prepositions in the classroom. One example is over: Ask students to find
things that are over something else. Give students about five minutes to find examples. Go around the room
and ask each student what the object is and what it is over (e.g., “The exit sign is over the door”). (MP.1, MP.4)

Provide opportunities for sorting by shapes. For students who are just learning about shapes, a shape sorter
i —a container with different-shaped openings through which corresponding three-dimensional pieces
(typically made of plastic or wood) can be pushed—may be useful. Pattern blocks and attribute blocks are
 also useful for sorting. (MP4)

Provide an activity center where students create and work with shapes. This center might include shape
magnets, clay balls and toothpicks, chopsticks, paper, pencils, and scissors. Encourage students to talk about
what they are creating. Provide tangram sets with pictures to compose and parquet blocks for creating

: designs. (MP4, MP.5, MP.7)

Gather a collection of two- and three-dimensional shapes. In a whole or small group, ask students to describe
the shapes one by one. For instance, hold up a triangle and ask the students to describe it. At first, students
i might need help learning the vocabulary words listed above. To prompt students’ descriptions, ask them how
many sides, corners, vertices, or faces they see when looking at a particular shape. After students are com- :
fortable providing these sorts of descriptions, change the activity by describing a hidden shape and asking

the students to guess which shape it is. (MP.3, MP.4, MP.6, MP.7, MP.8)
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Table TK-3. Standards for Mathematical Practice—Explanation and Examples for Transitional

Kindergarten

Standards for
Mathematical
Practice

MPA1

Make sense of
problems and
persevere in

Explanation and Examples

Transitional kindergarten provides an opportunity for teachers to instill the joy of mathe-
matical problem solving. Mathematical activities should be both meaningful and challeng-
ing. Some of these activities are games (e.g., board games, card-number games, dominoes)
that are useful because mathematics is being employed to solve problems. Consider using
games in which no one “wins” until every student has finished, as well as games that require

solving them. . . . .

8 collaboration. Encourage students to persevere in solving problems; students often find that
problems requiring a bit of time to solve can be the most rewarding. Possible prompts: How
do you know? What do you know about ? What would happen if —____?

MP.2 Counting things for a reason—or just to get better at it—is important. Young students love
Reason to count things and to practice the counting sequence. Competence is the motivation. Many

abstractly and
quantitatively.

experiences in the manipulative-centered activities of transitional kindergartners are natu-
ral environments that require quantitative reasoning. Fair sharing, in particular, promotes
this sort of thinking in the classroom. As students become more familiar with quantitative
reasoning with objects, they become more able to reason abstractly—for example, “You
have five trucks and | have four trucks, and since five is more than four, you have more
trucks than I do. That’s not fair!” Possible prompts: What do you know about the number

? Let’s make a story about these numbers.

MP.3 Young students are very capable of stating a point of view and defending it. Help students
transfer these abilities to the domain of mathematics. Ask students how they arrived at their
Construct . .
. answer, and have them discuss with others not only the correct answer, but also the strate-
viable argu- . . .
gies used to find the answer. There are many problems with more than one correct answer
ments and B . . -

. (e.g., “What number is greater than five?”) and more than one strategy for finding a correct
critique the . . . . .
reasoning of answer. Model how to explain answers and discuss other solutions with classmates. Possible
others 8 prompts: How did you figure that out? What do you think about —____?

MP.4 Modeling with mathematics means that teachers provide models (solving a problem aloud
Model with and with manipulatives) and that students use objects to demonstrate their thinking.

mathematics.

Possible prompt: What could we useto —____?

Solve mathematical problems aloud. For example, divide a box of pencils so that each table
receives one pencil for each student seated: “Let’s see, there are four of you here, so we will
need four pencils. One, two, three, four.” Encourage students to use manipulatives to show
their thinking (“Mica, can you show me how you know you shared these eight trucks fairly
with Charlie?”).

MP.5

Use appro-
priate tools
strategically.

The transitional kindergarten classroom is filled with tools. These include instruments

such as balance scales and measuring tapes, as well as the manipulatives and objects that
students and teachers use to model mathematics. Students should have frequent opportu-
nities to ponder which of these is appropriate to the task at hand. Possible prompts: What

could you use to help you with ? How could you use a to help you with
?
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Table TK-3 (continued)

Standards for

Look for and

Mathematical Explanation and Examples

Practice

MP.6 Precision entails more than arriving at a correct answer. It also involves being able to

Attend to describe strategies, a’rgumt’ants, and deFisions with increasing skill. De;scriptior?s becqme

orecision. more and more precise. Triangle descriptions change from “Because it looks |ka.‘ a triangle”
to “It has three sides and three corners.” Students learn that if they do not provide accurate
representations during problem solving (e.g., when drawing 3 + 5 they draw only two and
five objects), then they will have problems determining accurate answers. There is a beauty
in precision, and many students are entranced by this beauty (e.g., 2 + 3 is always 5!).
Possible prompts: What do you know about —_____ ? What else do you notice?

MP.7 Students in transitional kindergarten will begin to see patterns as they gain experience in

mathematics. For instance, 1 plus any number will always equal the next [whole] number in

the sequence. Possible prompts: What do you notice about —____? How is this the same
make use of . .
structure as —__ ? What are two different ways we can look at these objects? Tell me about your
’ pattern.

MP.8 Young students delight in finding patterns. For example, to solve addition problems, one
Look for can always count all the objects in both sets. One can also count on from the larger set. In
and exoress number decomposition, students may find (especially if they record the addends) that if the
o uIarKi)t " first addend is decreased by 1, then the second is increased by 1 (3 +7 =10; 2 + 8 = 10;

§ Y 5=3+2;5=2+ 3). Asking questions of students that help them examine the strategies
repeated . . . o
reasoning with which they solve problems will help them see regularity in the way they solve these

problems. Possible prompt: What do you notice?
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Kindergarten

tudents in preschool and transitional kinder-

garten programs who have been exposed to

important mathematical concepts—such as
representing, relating, and operating on whole numbers
and identifying and describing shapes—will be better
prepared for kindergarten mathematics and for later

learning.

Critical Areas of Instruction

In kindergarten, instructional time should focus on two
critical areas: (1) representing and comparing whole
numbers, initially with sets of objects; and (2) describing
shapes and space. More learning time in kindergarten
should be devoted to numbers rather than to other topics
(National Governors Association Center for Best
Practices, Council of Chief State School Officers
[INGA/CCSSO] 2010p). Kindergarten students also work
toward fluency with addition and subtraction of whole

numbers within 5.
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Standards for Mathematical Content

The Standards for Mathematical Content emphasize key content, skills, and practices at each
grade level and support three major principles:

® Focus—Instruction is focused on grade-level standards.

¢ (Coherence—Instruction should be attentive to learning across grades and to linking major
topics within grades.

e Rigor—Instruction should develop conceptual understanding, procedural skill and fluency,
and application.

Grade-level examples of focus, coherence, and rigor are indicated throughout the chapter.

The standards do not give equal emphasis to all content for a particular grade level. Cluster
headings can be viewed as the most effective way to communicate the focus and coherence
of the standards. Some clusters of standards require a greater instructional emphasis than
others based on the depth of the ideas, the time needed to master those clusters, and their
importance to future mathematics or the later demands of preparing for college and careers.

Table K-1 highlights the content emphases at the cluster level for the kindergarten stan-
dards. Most of the instructional time should be spent on “Major” clusters and the standards
within them, which are indicated throughout the text by a triangle symbol ( A ). However,
standards in the “Additional/Supporting” clusters should not be neglected; to do so would
result in gaps in students’ learning, including skills and understandings they may need in
later grades. Instruction should reinforce topics in major clusters by using topics in the
additional/supporting clusters and including problems and activities that support natural
connections between clusters.

Teachers and administrators alike should note that the standards are not topics to be
checked off after being covered in isolated units of instruction; rather, they provide content
to be developed throughout the school year through rich instructional experiences
presented in a coherent manner (adapted from Partnership for Assessment of Readiness for
College and Careers [PARCC] 2012).
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Table K-1. Kindergarten Cluster-Level Emphases

Counting and Cardinality K.CC
Major Clusters
® Know number names and the count sequence. (K.CC.1-3 A)
e (Count to tell the number of objects. (K.CC.4-5 A)
® (Compare numbers. (K.CC.6—7 A)

Operations and Algebraic Thinking K.0A
Major Clusters

® Understand addition as putting together and adding to, and understand subtraction
as taking apart and taking from. (K.0A.1-5 A)

Number and Operations in Base Ten K.NBT
Major Clusters
e Work with numbers 11-19 to gain foundations for place value. (K.NBT.1 A)

Measurement and Data K.MD
Additional/Supporting Clusters
® Describe and compare measurable attributes. (K.MD.1-2)
® (lassify objects and count the number of objects in categories. (K.MD.3)

Geometry K.G
Additional/Supporting Clusters
e |dentify and describe shapes. (K.G.1-3)
® Analyze, compare, create, and compose shapes. (K.G.4—6)

Explanations of Major and Additional/Supporting Cluster-Level Emphases

Major Clusters ( A ) — Areas of intensive focus where students need fluent understanding and application of the core
concepts. These clusters require greater emphasis than others based on the depth of the ideas, the time needed to
master them, and their importance to future mathematics or the demands of college and career readiness.

Additional Clusters — Expose students to other subjects; may not connect tightly or explicitly to the major work of the
grade.

Supporting Clusters — Designed to support and strengthen areas of major emphasis.

Note of caution: Neglecting material, whether it is found in the major or additional/supporting clusters, will leave gaps
in students’ skills and understanding and will leave students unprepared for the challenges they face in later grades.

Adapted from Achieve the Core 2012.
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Connecting Mathematical Practices and Content

The Standards for Mathematical Practice (MP) are developed throughout each grade and, together with
the content standards, prescribe that students experience mathematics as a rigorous, coherent, useful,
and logical subject. The MP standards represent a picture of what it looks like for students to under-
stand and do mathematics in the classroom and should be integrated into every mathematics lesson
for all students.

Although the description of the MP standards remains the same at all grade levels, the way these
standards look as students engage with and master new and more advanced mathematical ideas does
change. Table K-2 presents examples of how the MP standards may be integrated into tasks appropri-
ate for students in kindergarten. (Refer to the Overview of the Standards Chapters for a description of
the MP standards.)

Table K-2. Standards for Mathematical Practice—Explanation and Examples for Kindergarten

Standards for

Mathematical Explanation and Examples

Practice

MP.1 In kindergarten, students begin to build the understanding that doing mathematics involves

solving problems and discussing how they solved them. Students explain to themselves the
meaning of a problem and look for ways to solve it. Real-life experiences should be used
to support students’ ability to connect mathematics to the world. To help students connect
the language of mathematics to everyday life, ask students questions such as “How many

Make sense of
problems and
persevere in

solving them. students are absent?” or have them gather enough blocks for the students at their table.
Younger students may use concrete objects or pictures to help them conceptualize and solve
problems. They may check their thinking by asking themselves, “Does this make sense?”, or
they may try another strategy.

MP.2 Younger students begin to recognize that a number represents a specific quantity and

Reason connect the quantity to written symbols. Quantitative reasoning entails creating a repre-

sentation of a problem while attending to the meanings of the quantities. For example, a
student may write the numeral 11 to represent an amount of objects counted, select the
correct number card 17 to follow 16 on a calendar, or build two piles of counters to compare
the numbers 5 and 8. In addition, kindergarten students begin to draw pictures, manipulate
objects, or use diagrams or charts to express quantitative ideas. Students need to be encour-
aged to answer questions such as “How do you know?”—which reinforces their reasoning
and understanding and helps student develop mathematical language.

abstractly and
quantitatively.

MP.3 Younger students construct arguments using actions and concrete materials, such as objects,
pictures, and drawings. They begin to develop their mathematical communication skills as
they participate in mathematical discussions involving questions such as “How did you get
that?” and “Why is that true?” They explain their thinking to others and respond to others’

Construct via-
ble arguments

?[?d critique thinking. They begin to develop the ability to reason and analyze situations as they consider
fe [Easonmg questions such as “Are you sure that _________?” “Do you think that would happen all the
of others. time?”, and “l wonderwhy 2”7
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Table K-2 (continued)

Standards for
Mathematical
Practice

MP.4

Model with
mathematics.

Explanation and Examples

In early grades, students begin to represent problem situations in multiple ways—Dby using
numbers, objects, words, or mathematical language, acting out the situation, making a chart
or list, drawing pictures, creating equations, and so forth. For example, a student may use
cubes or tiles to show the different number pairs for 5, or place three objects on a 10-frame
and then determine how many more are needed to “make a ten.” Students rely on manip-
ulatives (or other visual and concrete representations) while solving tasks and record an
answer with a drawing or equation.

MP.5

Use appro-
priate tools
strategically.

Younger students begin to consider tools available to them when solving a mathematical
problem and decide when certain tools might be helpful. For instance, kindergartners may
decide to use linking cubes to represent two quantities and then compare the two represen-
tations side by side, or later, make math drawings of the quantities. Students decide which
tools may be helpful to use depending on the problem or task and explain why they use
particular mathematical tools.

MP.6

Attend to
precision.

Kindergarten students begin to develop precise communication skills, calculations, and mea-
surements. Students describe their own actions, strategies, and reasoning using grade-level-
appropriate vocabulary. Opportunities to work with pictorial representations and concrete
objects can help students develop understanding and descriptive vocabulary. For example,
students analyze and compare two- and three-dimensional shapes and sort objects based
on appearance. While measuring objects iteratively (repetitively), students check to make
sure that there are no gaps or overlaps. During tasks involving number sense, students check
their work to ensure the accuracy and reasonableness of solutions. Students should be
encouraged to answer questions such as, “How do you know your answer is reasonable?”

MP.7

Look for and

Younger students begin to discern a pattern or structure in the number system. For instance,
students recognize that 3 + 2 = 5 and 2 + 3 = 5. Students use counting strategies, such as
counting on, counting all, or taking away, to build fluency with facts to 5. Students notice the

make use of written pattern in the “teen” numbers—that the numbers start with 1 (representing 1 ten)
Structure. and end with the number of additional ones. Teachers might ask, “What do you notice
when _______?”
MP.8 In the early grades, students notice repetitive actions in counting, computations, and mathe-
matical tasks. For example, the next number in a counting sequence is 1 more when count-
Look for ing by ones and 10 more when counting by tens (or 1 more group of 10). Students should be
and Express encouraged to answer questions such as, “What would happen if ?” and “There
regularity in are 8 crayons in the box. Some are red and some are blue. How many of each could there
::sfjrt]?:g be?” Kindergarten students realize 8 crayons could include 4 of each color (8 =4 + 4), 5 of

one color and 3 of another (8 = 5 + 3), and so on. For each solution, students repeatedly
engage in the process of finding two numbers to join together to equal 8.

Adapted from Arizona Department of Education (ADE) 2010 and North Carolina Department of Public Instruction (NCDPI) 2013b.

Standards-Based Learning at Kindergarten

The following narrative is organized by the domains in the Standards for Mathematical Content. It
highlights some necessary foundational skills and provides exemplars to explain the content standards,
highlight connections to the various Standards for Mathematical Practice (MP), and demonstrate the
importance of developing conceptual understanding, procedural skill and fluency, and application. A
triangle symbol ( A ) indicates standards in the major clusters (see table K-1).
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Domain: Counting and Cardinality

A critical area of instruction in kindergarten is representing, relating, and operating on whole numbers,
initially with sets of objects.

Counting and Cardinality K.CC
Know number names and the count sequence.
1. Count to 100 by ones and by tens.

2. Count forward beginning from a given number within the known sequence (instead of having to begin
at1).

3. Write numbers from 0 to 20. Represent a number of objects with a written numeral 0-20 (with
0 representing a count of no objects).

Several learning progressions originate in knowing number names and the count sequence. One of
the first major concepts in a student’s mathematical development is cardinality. Cardinality can be
explained as knowing that the number word spoken tells the quantity and that the number on which
a person ends when counting represents the entire amount counted. The idea is that numbers mean
amount, and no matter how you arrange and rearrange the items, the amount is the same. Students
can generally say the counting words up to a given number before they can use these numbers to
count objects or to tell the number of objects (adapted from the University of Arizona [UA] Progres-
sions Documents for the Common Core Math Standards 2011a and Georgia Department of Education
[GaDOE] 2011).

Kindergarten students are introduced to the counting sequence (K.CC.1-24A). When counting orally by
ones, students begin to understand that the next number in the sequence is one more. Similarly, when
counting by tens, the next number in the sequence is “10 more.”

Examples: Counting Sequences for Forward Counting to 100 by Ones K.CCA1

® The “ones” (1-10)
® The “teens” (10, 11, 12, 13, 14, 15, 16, 17, 18, 19)
® “Crossing the decade” (15, 16, 17, 18, 19, 20, 21, 22, 23, 24, or, similarly, 26—34, 35—44, and so forth)

Students often have trouble with counting forward sequences that cross the decade. Focusing on short
i counting sequences may be helpful.

Adapted from Kansas Association of Teachers of Mathematics (KATM) 2012, Kindergarten Flipbook.

Initially, students might think of counting as a string of words, but gradually they transition to using
counting as a tool to describe amounts in their world. Counting can be reinforced throughout the
school day.
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Examples K.CCA1

e (Count the number of chairs of students who are absent.
® (Count the number of stairs, shoes, and so on.

® (Count groups of 10, such as “fingers in the classroom” (10 fingers per student). (MP.6, MP.7, MP.8)

Kindergarten students also count forward—beginning from a given number—instead of starting at

1. Counting forward (or “counting on”) may be confusing for young students, because it conflicts with
the initial strategy they learned about counting from the beginning. Activities or games that require
students to add on to a previous count to reach a targeted number may encourage development of this
concept (adapted from KATM 2012, Kindergarten Flipbook).

Kindergarten students learn to write numbers from 0 to 20 (K.CC.3A) and represent a number of
objects with a written numeral in the 0-20 range (using numerals as symbols for quantities). They
understand that 0 represents a count of no objects. Students need multiple opportunities to count
objects and recognize that a number represents a specific quantity. As this understanding develops,
students begin to read and write numerals. The emphasis should first be on quantity and then on
connecting quantities to the written symbols.

i Example: A Learning Sequence for Understanding Numbers

A specific learning sequence might consist of these steps:
1. Count up to 20 objects in many settings and situations over several weeks.

2. Start to recognize, identify, and read the written numerals, and match the numerals to given sets of
‘ objects.

3. Write the numerals to represent counted objects.

Adapted from ADE 2010.

As students connect quantities and written numerals, they also develop mathematical practices such as
reasoning abstractly and quantitatively (MP.2). They use precise vocabulary to express how they know
that their count is accurate (MP.6). They also use the structures and patterns of the number system and
apply this understanding to counting (MP.7, MP.8) [adapted from ADE 2010].

Common Misconceptions

® Some students might not see zero (0) as a number. Ask students to write 0 and say “zero” to represent the
number of items left when all items have been taken away. Avoid using the word none to represent this
situation.

® Teen numbers can also be confusing for young students. To help avoid confusion, these numbers should
be taught as a bundle of 10 ones and some extra ones. This approach supports a foundation for
understanding both the place-value concept and symbols that represent each teen number. Layered
place-value cards may help students understand the difficult teen numbers; see figure K-1.
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Figure K-1. Layering Place-Value Cards to Illustrate Teen Numbers

10 6 16

=

00000 00000

Adapted from KATM 2012, Kindergarten Flipbook.

Counting and Cardinality K.CC

Count to tell the number of objects.
4. Understand the relationship between numbers and quantities; connect counting to cardinality.

a. When counting objects, say the number names in the standard order, pairing each object with one
and only one number name and each number name with one and only one object.

b. Understand that the last number name said tells the number of objects counted. The number of
objects is the same regardless of their arrangement or the order in which they were counted.

¢. Understand that each successive number name refers to a quantity that is one larger.

5. Count to answer “how many?” questions about as many as 20 things arranged in a line, a rectangular
array, or a circle, or as many as 10 things in a scattered configuration; given a number from 1-20, count
out that many objects.

In kindergarten, students develop an understanding of the relationship between numbers and quan-
tities and connect counting to cardinality (K.CC.4). Learning to count is a complex mental and physical
activity that requires staying connected to the objects that are being counted. Children must under-
stand that the count sequence has meaning when counting objects: that the last count word indicates
the amount or the cardinality of the set (Van de Walle 2007). Kindergarten students use their under-
standing of the relationship between numbers and quantities to count a set of objects and see sets and
numerals in relationship to one another, rather than as isolated concepts.

There are numerous opportunities for students to manipulate concrete objects or visual representations
(e.g., dot cards, 10-frames) and connect number names with their quantities, which can help students
master the concept of counting (adapted from NCDPI 2013b).
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As students learn to count a group of objects, they
pair each word said with one object (K.CC.4aA).
This is usually facilitated by an indicating act (such
as touching, pointing to, or moving objects) that
keeps each word said paired to only one object
(the one-to-one-correspondence principle).
Students learn that the last number named tells
the number of objects counted (the cardinality
principle) and that the number of objects is the
same regardless of their arrangement or the order
in which they were counted (the order-irrelevance
principle). They also understand that each suc
cessive number name refers to a quantity that is

1 larger (K.CC.4.b—cA) [adapted from UA Progres-
sions Documents 2011a].

To develop their understanding of the relationship
between numbers and quantities, students might
count objects, placing one more object in the
group at a time.

Example

K.CC4

Using cubes, students count an existing group and

i then place another cube in the set to continue count-

!ing. Students continue placing one more cube in the

! set at a time and then identify the new total number

of cubes. Students see that the counting sequence
i results in a quantity that increases by one each time
i another cube is placed in the group. Students may

i need to recount from one, but the goal is for students :

i to count on from the existing number of cubes—a

i conceptual start for the grade-one skill of counting to

120, starting at any number less than 120.

To count accurately, students rely on:

® knowing patterns and arbitrary parts of the
number—-word sequence;

® assigning one number word to one object
(one-to-one correspondence);

® keeping track of objects that have already been
counted (adapted from ADE 2010 and GaDOE
2011).

Five Major Principles: Development of
Students’ Understanding of How to Count
and What to Count

1.

One-to-One-Correspondence Principle.
Students assign one, and only one, distinct
counting word to each of the items to be
counted. To follow this principle, students
partition and re-partition the collection of
objects to be counted into two categories:
those that have been allocated a number
name and those that have not. Students
model numbers with objects, and each object
is assigned a unique number name based on
one-to-one correspondence between each
object and the number name. If an item is not
assigned a number name or is assigned more
than one number name, the resulting count
will be incorrect; refer to standard K.CC.4a.

Standard-Order (of Number Names) Principle.
Students recite a number-name list in a fixed
order (e.g., students count “One, two, three”
for a collection of three objects). In other
words, students can rote-count; refer to
standard K.CC.4a.

Cardinal Principle. Students understand
that the last number name used for the final
object in a collection represents the number
of items in that collection. This rule connects
counting with “how many”; refer to standard
K.CC.4b.

Order-Irrelevance Principle. Students
understand that the order in which objects
are counted has no effect on the total number
of objects and that the quantity of a group

of objects remains constant even when the
objects are rearranged; refer to standard
K.CC.4b.

Abstraction Principle. Students realize that
the above four principles of counting apply
to any collection of objects, whether tangible
(e.g., marbles or blocks) or not (e.g., sounds
or actions). They also realize that objects may
have similar attributes (e.g., “All of these
marbles are yellow”) or different attributes
(e.g., “These toys are different types and
sizes”); refer to standard K.CC.4.

Adapted from Thompson 2010.
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Students answer questions such as “How many are there?” by counting objects in a set and under-
standing that the last number stated represents the total amount of objects (cardinality, K.CC.54). Over
time, students realize that the same set counted several different times will be the same amount each
time. Counting objects arranged in a line is easiest; with more practice, students learn to count objects
in more difficult arrangements, such as rectangular arrays, circles, and scattered configurations.

Scattered arrangements are the most challenging for students, and therefore kindergarten students
count only up to 10 objects if arranged this way. Given a number from 1 to 20, kindergarten students
also count out that many objects. This is also more difficult for students than simply counting the total
number of objects, because as students count, they need to remember the number of objects to be
counted out (adapted from UA Progressions Documents 2011a and NCDPI 2013b).

Examples of Counting Strategies K.CC.4.a-b

There are numerous counting strategies that students may use, depending on how objects are arranged. Here
i are a few examples: 5

® Move objects as each object is counted.
® Line up objects to count.
® Touch objects in a scattered arrangement as each object is counted.

® (Count objects in a scattered arrangement by visually scanning each object without touching.

Adapted from KATM 2012, Kindergarten Flipbook.

Focus, Coherence, and Rigor

As students use various counting strategies when they participate in counting
activities, they reinforce their understanding of the relationship between numbers
and quantities and support mathematical practices such as modeling with mathe-
matics (MP.4), the use of precise language (MP.6), and repeated reasoning to find a
solution (MP.8).

Students come to quickly perceive the number of items in small groups—such as recognizing dot
arrangements in different patterns without counting the objects. This is known as perceptual subitizing,
a fundamental skill in the development of students’ understanding of numbers. Perceptual subitizing
develops into conceptual subitizing—recognizing a collection of objects as a composite of subparts and
as a whole (e.g., seeing a five-dot domino and thinking 1 and 4 or seeing a set with two subsets of 2
and saying 4) [adapted from UA Progressions Documents 2011a]. Particularly important is the 5+n
pattern, in which one row of 5 circles has 1, 2, 3, 4, or 5 dots below to show 6, 7, 8, 9, and 10; see figure
K-2. These rows are separated more than the individual dots to ensure students see the group of 5 and
the extra dots.
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Figure K-2. The 5+n pattern

6=5+I 7=5+2 8=5+3 9=5+4 10=5+5
0000 o000 0 00000 o000 0O [N K N N )
Y o0 o000 (XY X 0000

Source: UA Progressions Documents 2011a.

Subitizing supports the development of addition and subtraction strategies, such as counting on and
composing and decomposing numbers. Students need practice to develop competency in perceptual
subitizing.

 Example K.CC.5

The teacher might place different amounts of beans on a mat (beginning with amounts of 4 or fewer) and

then ask students to say how many beans they see. As students become proficient, dot cards can also be
utilized to develop fluency. For example, the teacher can show a large dot card to students, and students then
take the number counters they think they need to cover the dots on the card. Then one child places his or her
counters on the dots while the rest of the class counts and checks. Eventually, the teacher briefly shows one
large dot card and puts it down quickly. Then students try to recognize the number of dots without counting.

Counting and Cardinality K.CC

Compare numbers.

6. Identify whether the number of objects in one group is greater than, less than, or equal to the number of
objects in another group, e.g., by using matching and counting strategies.'

7. Compare two numbers between 1 and 10 presented as written numerals.

In kindergarten, students compare the number of objects in one group (with up to 10 objects) to the
number of objects in another group (K.CC.6A). Students need a strong sense of the relationship
between quantities and numerals to accurately compare groups and answer related questions. They
may use matching strategies or counting strategies to determine whether one group is greater than,
less than, or equal to the number of objects in another group.

1. Includes groups with up to 10 objects.

Kindergarten |63



i Example: More Triangles or More Squares?

K.CC.6A (MP1, MP.2)

 Student 1  Student 2

I lined up 1 square with 1 triangle. | counted the squares and got 8.
Since there is 1 extra triangle, there Then | counted the triangles and
are more triangles than squares. got 9. Since 9 is bigger than 8,
there are more triangles than
e

Student 3

| put them in a pile. | then took
away objects. Every time | took a
square, | also took a triangle.

: When | had taken almost all of

the shapes away, there was stilla ¢
: triangle left. That means that there :
are more triangles than squares. :

Adapted from KATM 2012, Kindergarten Flipbook.

Matching and Counting Strategies for Comparing Groups of Objects

Matching. Students use one-to-one correspondence, repeatedly matching one object from one set
with one object from the other set to determine which set has more objects.

® (Counting. Students count the objects in each set and then identify which set has more, less, or an

equal number of objects.

® Observation. Students may use observation to compare two quantities. For example, by looking at
two sets of objects, they may be able to tell which set has more or less without counting.

® Benchmark Numbers. Introduce the use of 0, 5, and 10 as benchmark numbers to help students
further develop their sense of quantity as well as their ability to compare numbers. Benchmarks of

5 and 10 are especially useful with the 5+ n patterns.

Adapted from KATM 2012, Kindergarten Flipbook.

An important level of understanding is reached when students can compare two numbers from 1 to 10
represented as written numerals, without counting (K.CC.7A). Students demonstrate their understand-

ing of numbers when they can justify their answers (MP.3).

Example

K.CC.7Aa

When a student gives an answer, the teacher may ask a probing question such as “How do you know?”

to elicit student thinking and reasoning (MP.3, MP.8). Students might justify their answer (e.g., 7 is greater

than 5) by demonstrating a one-to-one match, counting again, or using similar approaches that help to
explain or verify the answer (adapted from KATM 2012, Kindergarten Flipbook).
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Focus, Coherence, and Rigor

Comparing numbers and groups in kindergarten will progress to comparing addition
and subtraction situations in grade one. For example, “Which is more?” or “Which is
less?” will progress to “How many more?” or “How many less?”

Domain: Operations and Algebraic Thinking

Kindergarten students are introduced to addition and subtraction with small numbers, and they work
toward fluency with these operations for numbers within 5.

Operations and Algebraic Thinking

Understand addition as putting together and adding to, and understand subtraction as taking
apart and taking from.

1. Represent addition and subtraction with objects, fingers, mental images, drawings,? sounds (e.g., claps),
acting out situations, verbal explanations, expressions, or equations.

2. Solve addition and subtraction word problems, and add and subtract within 10, e.g., by using objects or
drawings to represent the problem.

3. Decompose numbers less than or equal to 10 into pairs in more than one way, e.g., by using objects or
drawings, and record each decomposition by a drawing or equation (e.g.,5=2+3and5=4 +1).

4. For any number from 1 to 9, find the number that makes 10 when added to the given number, e.g., by
using objects or drawings, and record the answer with a drawing or equation.

5. Fluently add and subtract within 5.

Kindergarten students develop their understanding of addition and subtraction by making sense of
word problems (MP.1, MP.2). Students experience a variety of addition situations that involve putting
together and adding to and a variety of subtraction situations that involve taking apart and taking from
(K.OA.1-2A). Students use objects (such as two-color counters, clothespins on hangers, connecting
cubes, 5-frames, and stickers), fingers, mental images, sounds, drawings, verbal explanations and
acting out the situation to represent these operations (MP. 1, MP.2, MP.4, MP.5) [adapted from KATM
2012, Kindergarten Flipbook].

Students use both mathematical and non-mathematical language to explain their interpretation of

a problem and the solution. Initially, students work with numbers within 5, which helps them move
from perceptual subitizing to conceptual subitizing, in which they say the addends and the total (e.g.,

2 and 1 make 3). Students will generally use fingers to keep track of addends and parts of addends and
should develop rapid visual and kinesthetic recognition of numbers up to 5 on their fingers. Eventually,
students will expand their work in addition and subtraction from within 5 to within 10.

2. Drawings need not show details, but should show the mathematics in the problem. (This applies wherever drawings are
mentioned in the Standards.)
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Students are introduced to expressions and equations using appropriate symbols, including +, —,

and =. Teachers may write expressions (e.g., 3 — 1) or equations (e.g., 3—1 =[], or3 =1 + 2) that
represent operations and problems with real-world contexts to reinforce students’ understanding of
these concepts. Teachers should emphasize that an equal sign (=) means “is the same as.” Students
should see these equations and be encouraged to write them; however, they are not required to write
equations. In kindergarten, the use of formal vocabulary for both addition and subtraction (such as
minuend, subtrahend, and addend) is not necessary. For English learners, phonologically identical words
(e.g., sum and some, whole and hole) may be challenging; thus it is better to use the word total instead
of sum for all students in kindergarten and grade one. Using the word partners instead of addends is
also a helpful conceptual support for children in these grades. To support English learners, these words
should be explicitly taught as they are introduced (adapted from UA Progressions Documents 2011a).
For more information, refer to the Universal Access chapter.

Focus, Coherence, and Rigor

When students represent addition and subtraction, this also supports mathematical
practices as they use objects or pictures to represent quantities (K.OA.14), reason
quantitatively to make sense of quantities and develop a clear representation of the
problem (MP.2), mathematize a real-world situation (MP.4), and use tools appropri-
ately to model the problem (MP.5). Math drawings also facilitate student reflection
and discussion and help young students justify answers (MP.3).

Word problems with real-life applications provide students with a context to develop their understand-
ing of addition and subtraction (K.0A.24A). Kindergarten students learn that addition is putting together
and adding to and subtraction is taking apart and taking from. Kindergartners use objects or math
drawings (with simple shapes such as circles) to model word problems (adapted from ADE 2010).

The most common types of addition and subtraction problems for kindergarten students are displayed
with dark shading in table K-3. Students add and subtract within 10 to solve these types of problems.
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Table K-3. Types of Addition and Subtraction Problems (Kindergarten)

- version): Lucy has 2 apples.
: Julie has 5 apples. How

: many fewer apples does

: Lucy have than Julie?

2+0=55-2=0

Lucy has 3 fewer apples than
i Julie. Lucy has 2 apples. How
i many apples does Julie have?

2+3=0,3+2=0

Type of
P Result Unknown Change Unknown Start Unknown
Problem :
Two bunnies sat on the grass. Two bunnies were sitting on Some bunnies were sitting on
: Three more bunnies hopped : the grass. Some more bunnies : the grass. Three more bunnies
: there. How many bunnies are - hopped there. Then there - hopped there. Then there
i on the grass now? : were 5 bunnies. How many : were 5 bunnies. How many
Add to z : § ;
2 43=[] bunnies hopped over to the bunnies were on the grass
. first two?  before?
2+0= O+3=5
~ Fiveappleswere on the table. ~ Five apples were on the table. - Some apples were on the ta-
-l ate 2 apples. How many ap- - | ate some apples. Then there : ble. | ate 2 apples. Then there
Take  plesare on the table now? : were 3 apples. How many : were 3 apples. How many ap-
from s_2-0 - apples did | eat? : ples were on the table before?
5 5-0=3 0-2=3
Both Addends
Total Unknown Addend Unknown
: . Unknown
Three red apples and 2 Five apples are on the table. Grandma has 5 flowers. How
- green apples are on the i Three are red, and the rest are : many can she put in her red
: table. How many apples are : green. How many apples are  : vase and how many in her
Put
- on the table? : green? i blue vase?
together/ :
Takeapart53+2=|:' i3+0=55-3=01 :5=0+55=5+0
| 5 5=1+4,5=4+1
EEEES RS
: . Smaller
Difference Unknown Bigger Unknown
: : Unknown
- (“How many more?” (Version with more): (Version with more):
ver‘sion): Lucy has 2 apples. £ julie has 3 more apples than : Julie has 3 more apples than
Julie has 5 apples. How  Lucy. Lucy has 2 apples. How : Lucy. Julie has 5 apples. How
: many more apples does i many apples does Julie have? i many apples does Lucy have?
 Julie have than Lucy?
Compare (“How many fewer?” (Version with fewer): (Version with fewer):

! Lucy has 3 fewer apples than
Julie. Julie has five apples.

i How many apples does Lucy
{ have?

5-3=0,0+3=5

Note: Kindergarten students solve problem types with the darkest shading; students in grades one and two solve problems of
all subtypes. Unshaded problems are the most difficult; first-grade students work with these problems but do not master them

until grade two (adapted from NGA/CCSSO 2010d and UA Progressions Documents 2011a).
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To solve word problems, students learn to apply various computational methods. Kindergarten
students generally use Level 1 methods, moving on to Level 2 and Level 3 methods in later grades. The
three levels are summarized in table K-4 and explained more thoroughly in appendix C.

Table K-4. Methods Used for Solving Single-Digit Addition and Subtraction Problems

Level 1: Direct Modeling by Counting All or Taking Away
i Represent the situation or numerical problem with groups of objects, a drawing, or fingers. Model the situa-
tion by composing two addend groups or decomposing a total group. Count the resulting total or addend.

 Level 2: Counting On

Embed an addend within the total (the addend is perceived simultaneously as an addend and as part of the
total). Count this total, but abbreviate the counting by omitting the count of this addend; instead, begin with :
the number word of this addend. The count is tracked and monitored in some way (e.g., with fingers, objects,
mental images of objects, body motions, or other count words). 5

For addition, the count is stopped when the amount of the remaining addend has been counted. The last :
number word is the total. For subtraction, the count is stopped when the total occurs in the count. The track-
ing method indicates the difference (seen as the unknown addend). ‘

Level 3: Converting to an Easier Equivalent Problem
Decompose an addend and compose a part with another addend.

Adapted from UA Progressions Documents 2011a.

Students learn that a set of objects may be broken into two sets in multiple ways. For example, a set of
5 objects may be separated into two sets—3 and 2 or 4 and 1 (K.0A.3A). Thus, when breaking apart a
set (decomposing), students develop the understanding that a smaller set of objects exists within that
larger set. Students should have numerous experiences with decomposing sets of objects and record-
ing with pictures and numbers, and the teacher should make connections between the drawings and
symbols(5=4+1,5=3+2,5=2+3,5=1+4,and 5 =5 + 0), showing the total on the left and
the two addends on the right. Students can find patterns in all of the decompositions of a given num-
ber and eventually summarize these patterns for several numbers. Experience with decomposing also
emphasizes that the equal sign (=) means “is the same as.”

Students may use objects such as cubes, two-color counters, or square tiles to show different number
pairs for a given number. For example, for the number 5, students may split a set of 5 objects into 1
and 4, 2 and 3, and 5 and 0. Students may also use drawings to show different number pairs for a given
number (MP1, MP.2, MP4).
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Example: Decomposing 5 K.OA.3A

 Students ma draw 5 objects, showing how to decompose in several ways. .
: y : & P Y X X X X X 5 objects

They;rnaz/ _vl:/r1|te equations involving 5 and its decompositions, such as: 5=2+3
3+2=5 5=4+1
2+3=4+1

Students can systematically list all the possible number partners for a given number. For example, they may
i list all number partners for 5(0 +5,1+4,2+ 3,3+ 2,4+ 1,and 5 + 0) and describe the pattern in the
i addends—that is, each number is one less or one more than the previous addend.

Adapted from KATM 2012, Kindergarten Flipbook.

Working with equations with one number on the left and an operation on the right (e.g., 5=2 + 3) to
record groups of 5 things decomposed as groups of 2 and 3 things (K.OA.34A) helps students to under-
stand that equations indicate quantities on both sides of the equal sign have the same value (MP.7).
Understanding the meaning of mathematical symbols allows students to develop precision in their
communication about mathematics (MP.6). The equation can also be reversed so that an operation is
on the left and the number is on the right (e.g., 2 + 3 = 5). Such equations model “add to” situations
(adapted from UA Progressions Documents 2011a).

Number pairs that total 10 are foundational for students’ ability to work fluently within base-ten
numbers and operations. In kindergarten, students find the number that makes 10 when added to the
given number for any number from 1 to 9. Students use objects or drawings and record their answers
with a drawing or equation (K.0A.44A). Students use different models, such as 10-frames, cubes, and
two-color counters to help them visualize these number pairs for 10 (MP.1, MP.2, MP.4).

Examples: Tools and Strategies for Making a Ten K.OA.4A

A student places 3 objects on a 10-frame and then determines how many more O O O
; are needed to “make a ten.” Students may use electronic versions of 10-frames
i to develop this skill (MP.5).

A student snaps 10 cubes together to make a pretend train.

® The student breaks the train into two parts. He or she identifies how many cubes are in each part and
: records the associated equation (10 = + ).

® The student breaks the train into two parts. He or she counts how many cubes are in one part and 5
: determines how many are in the other part without directly counting that part. Then the student records
the associated equation (if the counted part has 4 cubes, the equation would be 10 =4 + ). ‘

® The student covers up part of the train, without counting the covered part. He or she counts the cubes
: that are showing and determines how many are covered up. Then the student records the associated
) [MP.8].

® The student tosses 10 two-color counters on the table and records how many of each color are facing up
i (MP8).

equation (if the counted part has 7 cubes, the equation would be 10 =7 +

Adapted from KATM 2012, Kindergarten Flipbook.
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Later in the year, students solve addition and subtraction equations for numbers within 5 (for example,
2 +1=0or3—1=0)while still connecting these equations to situations verbally or with drawings.

Experience with decompositions of numbers and with “add to” and “take from” situations enables stu-

dents to begin to fluently add and subtract within 5 (K.0A.54).

FLUENCY

In the standards for kindergarten through grade six, there are individual content standards that set expecta-
tions for fluency in computation (e.g., “Fluently add and subtract within 5” [K.0A.54]). Such standards are
culminations of progressions of learning that often span several grades and involve conceptual understand-
ing, thoughtful practice, and extra support where necessary.

The word fluent is used in the standards to mean “reasonably fast and accurate” and the ability to use certain
facts and procedures with enough facility that using them does not slow down or derail the problem solver
as he or she works on more complex problems. Procedural fluency requires skill in carrying out procedures
flexibly, accurately, efficiently, and appropriately. Developing fluency in each grade may involve a mixture of
simply knowing some answers, knowing some answers from patterns, and knowing some answers from the
use of strategies.

Adapted from UA Progressions Documents 2011a.

Below are several strategies that kindergarten students may use to attain fluency with addition and
subtraction within 5:
e Visualizing the small numbers involved

e (Counting on (e.g., for 3 + 2, students will say “3,” then count on two more, “4, 5,” and finish by
saying the solution is “5”)

e Counting back (e.g., for 4 — 1, students will say “4,” then count back one, “3,” and state that the
solution is “3”)

e (Counting up to subtract (e.g., for 5 — 3, students will say “3,” then count up until they get to 5,
keeping track of how many they counted up, stating that the solution is “2”)

e Using doubles (e.g., for 2 + 3, students may say, “I know that 2 + 2 is 4, and 1 more is 5”)
e Using the commutative property (e.g., students may say, “l know that2 +1=3,s01+2 =3")

e Using fact families (e.g., students may say, “I know that 2 + 3 =5, s0 5— 3 = 2”) [adapted from
KATM 2012, Kindergarten Flipbook]

Example: Demonstrating Conceptual Understanding, Application,
i and Connection to the Mathematical Practices K.OA.5A

: Shake and Spill

Students use 5 two-color counters (e.g., red on one side and yellow on the other) and a cup (optional). The .
students put the counters in the cup, shake it, and spill them onto a table. The students determine how many
of each color is showing and record the sum by using drawings or equations. The students should “shake and i
spill” several times to show different pairs of numbers that sum to 5.

Source: lllustrative Mathematics 2013a.
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Domain: Number and Operations in Base Ten

Number and Operations in Base Ten K.NBT

Work with numbers 11-19 to gain foundations for place value.

1. Compose and decompose numbers from 11 to 19 into 10 ones and some further ones, e.g., by using
objects or drawings, and record each composition or decomposition by a drawing or equation (e.g.,
18 = 10 + 8); understand that these numbers are composed of 10 ones and one, two, three, four, five, six,
seven, eight, or nine ones.

Kindergarten teachers help their students lay the foundation for understanding the base-ten system by
drawing special attention to the number 10. Students compose and decompose numbers from 11 to 19
into 10 ones and some further ones. Students use objects or drawings and record each composition or
decomposition with a drawing or equation (e.g., 16 =9 + 7) [K.NBT.14].

Students describe, explore, and explain how the counting numbers from 11 through 19 are composed
of 10 ones and some more ones. For example, when focusing on the number 14, students count out
14 objects using one-to-one correspondence and then use those objects to compose one group of 10
ones and 4 additional ones. Students connect the representation to the symbol “14” and recognize the
written pattern in these numbers—that the numbers start with 1 (represents 1 ten) and end with the
number of additional ones (MP.1, MP.2, MP4, MP.5, MP.6, MP.7, MP.8) [adapted from UA Progressions
Documents 2012b].

Students may have difficulty understanding that as a singular word, ten means “10 things.” For many
students, understanding that a group of 10 things can be replaced by a single word and that they both
represent 10 is confusing. Students learn that this set of numbers (11-19) does not follow a consistent
pattern in the verbal counting sequence. For example:

e Fleven and twelve are special number words.
e Teen means 1 ten plus ones.

e The verbal counting sequence for teen numbers is backwards—we say the ones digit before the
tens digit. For example, 27 reads tens to ones (twenty-seven), but 17 reads ones to tens (seven-teen).
To develop student understanding of written teen numbers, students read numbers as well as
describe quantities. For example, for the number 17, students read “seventeen,” decompose the
number as “1 group of 10 ones and 7 additional ones,” and record their understanding as
17 =10 + 7 or use math drawings. This clarifies the pattern for them. Kindergarten students should
see addition and subtraction equations. Student writing of equations in kindergarten is encouraged,
but it is not required (adapted from ADE 2010).
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K.NBT.1A

Examples: Understanding Teen Numbers

i Math drawings and other activities can help students develop place-value understanding of teen numbers.

Using 10-frames and number-bond diagrams

00

00000
00000
00000 17

Using layered place-value cards

Place-value cards
layered separated

10 7 7

front: 1 7 101 0 7

back: ©00000|00 00000

Children can use layered place-value cards to see the 10 “hiding”
inside any teen number. Such decompositions can be connected
to numbers represented with objects and math drawings.

Source: UA Progressions Documents 2012b.

Domain: Measurement and Data

Measurement and Data K.MD

Describe and compare measurable attributes.

1. Describe measurable attributes of objects, such as length or weight. Describe several measurable

attributes of a single object.
Directly compare two objects with a measurable attribute in common, to see which object has “more
of”’/“less of” the attribute, and describe the difference. For example, directly compare the heights of two

children and describe one child as taller/shorter.
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Students recognize and distinguish measurable attributes (e.g., length, area, volume) from non-measur-
able attributes (e.g., big or bigger) [K.MD.1]. Initially, many students will not be able to differentiate
between these two types of attributes. Students will say one object is “bigger” than another without
clarifying that it is longer, greater in area or volume, and so forth.

For students to accurately describe attributes such as length and weight, they need multiple oppor-
tunities to informally explore these attributes. Teachers encourage students’ conversations to extend
from describing objects as big, small, long, tall, or high to naming, discussing, and demonstrating with
gestures the appropriate attribute (e.g., length, area, volume, or weight).

For example, a student might describe the measurable attributes of an empty can or milk carton by
talking about how tall, wide, and heavy the can is, or how much liquid will fit inside the container.

All of these are measurable attributes. By contrast, non-measurable attributes include designs, words,
colors, or pictures on the can. As students discuss these situations and compare objects using different
attributes, they learn to distinguish, label, and describe several measurable attributes of a single object
(MP4, MP.5, MP.6, MP.7).

Students directly compare two objects with a measurable attribute in common, to see which object has
“more” or “less of” the attribute and describe the difference (K.MD.2). For example, students directly
compare the heights of two children and describe one child as taller or shorter. Language plays an
important role in this standard, as students describe the similarities and differences of measurable
attributes of objects with terms such as shorter than, taller than, lighter than, the same as, and so forth
(MP.2, MP4, MP.6, MP.7).

When making direct comparisons for length, students must attend to the “starting point” of each object
(e.g., the ends need to be lined up at the same point) or students need to compensate when the start-
ing points are not lined up. Students develop an understanding of conservation of length (if an object is
moved, its length does not change), an important concept when comparing the lengths of two objects
(adapted from ADE 2010 and UA Progressions Documents 2012a).

With practice, students become increasingly competent at direct comparison—comparing the amount
of an attribute in two objects without measurement. For example, when comparing the volume of two
different boxes, ask students to discuss and justify their answers to these questions: Which box will hold
more? Which box will hold the least? Will the two boxes hold the same amount? How could you find out?
Students can decide to fill one box with dried beans and then pour the beans into the other box to
determine the answers to these questions (adapted from KATM 2012, Kindergarten Flipbook).

Table K-5 presents a sample classroom activity that connects the Standards for Mathematical Content
and Standards for Mathematical Practice.
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Table K-5. Connecting to the Standards for Mathematical Practice—Kindergarten

Standards Addressed

Connections to Standards for
Mathematical Practice

MP.2. Students reason abstractly when
they imagine the attributes of given
objects and attempt to compare them,
even in the absence of physical objects
at hand. Students mentally attribute
quantities to features of objects when
they compare these objects.

MP.3. Students may be asked to justify
why they think a comparison is correct,
and if students disagree, they can try to
explain their reasoning.

Standards for Mathematical Content

K.MD.2. Directly compare two objects
with a measurable attribute in com-
mon, to see which object has “more
of/less of” the attribute, and describe
the difference. For example, directly
compatre the heights of two children and
describe one child as taller/shorter.

Explanation and Examples

Task: The Comparison
Game. For this game,
students have packs
of 4 pairs of com-
parison cards, each
pair corresponding
to the following
comparisons:
heavier/lighter,
taller/shorter, holds
more/holds less,
longer/shorter. In
addition, each card
pair has sample
pictures on them
that indicate the
comparison, and
furthermore, the words may be color-coded to aid students who
cannot yet read the words on the cards (examples are shown at
right). At the front of the room, the teacher shows the students two
objects in sequence; the students must raise the appropriate card
to compare the second object to the first. Several rounds are played
with several different objects.

Heavier

Lighter

/

Shorter

Taller

Classroom Connections. In alignment with standard K.MD.2,

the purpose of this task is to give students several opportunities

to compare measurable attributes of objects. Teachers can use a
variety of objects and a variety of attributes, comparing two dif-
ferent objects and even the same object (e.g., evaluating the width
of a cereal box versus its length). These informal comparisons of
attributes lead to the development of estimation strategies for
measurement and the use of standard units (e.g., “How many
smaller unit squares fit into a given

rectangle?”).

The vocabulary on the cards may be too difficult for students. The
teacher may introduce the lesson by holding up real objects, such
as a book or a pencil, and state, “This book is heavier than the
pencil,” and then pass the two objects to the students to hold. After
students become familiar with the concepts (e.g., heavier or lighter)
through hands-on experiences, the teacher can reinforce the
concept by using the cards.

74 Kindergarten




Measurement and Data

Classify objects and count the number of objects in each category.

3. (Classify objects into given categories; count the number of objects in each category and sort the
categories by count.?

Kindergarten students connect counting and ordering skills and understandings to help them classify
objects or people into given categories, count the number of objects in each category, and sort the
categories by count (K.MD.3).

Example:
Students identify similarities and differences
between objects (e.g., size, color, shape) and use ® 0
these attributes to sort a collection of objects _—~ 9 O
(MP.2, MP.6, MP.7). C W ]
When the objects are sorted, students count the N |
objects in each set and then order each of the sets ] |
by the amount in each set.

For example, when given a collection of buttons, students separate buttons into different piles based
on color. Next, they count the number of buttons in each pile (e.g., blue [5], green [4], orange [3], and
purple [4]). Finally, they organize the groups by the quantity in each group—for example, from the
smallest group (orange) to the largest group (blue), and groups with the same number (green and
purple) are placed together.

Students should be able to explain their thinking. Teachers may use prompts such as these to ask
students to explain their thought processes:

e Explain how you sorted the objects.
e Explain how you labeled each set with a category.
e Answer a variety of counting questions (such as “How many ___?").

e Compare the sorted groups using words such as most, least, same, and different (adapted from
KATM 2012, Kindergarten Flipbook).

Focus, Coherence, and Rigor

As kindergartners classify objects, they build a foundation for collecting data and
creating and analyzing graphical representations in later grades. Also, as students
count the number of objects in each category and order the categories by count, they
reinforce important skills and understanding in comparing numbers, which are part
of the major work at this grade in the Counting and Cardinality domain (K.CC.4-7A).
Students can also reinforce mathematical practices as they make sense of problems
by counting and recounting (MP.1) and explaining their process and reasoning (MP.3).

3. Limit category counts to be less than or equal to 10.
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Domain: Geometry

A critical area of instruction in kindergarten is for students to describe shapes and space. Students
develop geometric concepts and spatial reasoning from experience with the shapes of objects and the
relative positions of objects.

Geometry K.G

Identify and describe shapes (squares, circles, triangles, rectangles, hexagons, cubes, cones,
cylinders, and spheres).

1. Describe objects in the environment using names of shapes, and describe the relative positions of these
objects using terms such as above, below, beside, in front of, behind, and next to.

2. Correctly name shapes regardless of their orientations or overall size.

3. Identify shapes as two-dimensional (lying in a plane, “flat”) or three-dimensional (“solid”).

Students use positional words to describe objects in the environment (K.G.1). Examples of positional
words include in and out, inside and outside, down and up, above and below, over and under, before and
after, top and bottom, front and back, right and left, on and off, begin and end, and near and far.

Students develop spatial sense by connecting geometric shapes to their everyday lives. Students need
opportunities to identify and name two- and three-dimensional shapes in and outside of the classroom
and describe relative positions by answering questions such as these:

e Which way is the cafeteria? (The cafeteria is to
the right.)

® Which shape is near the rectangle? (The circle
is near the rectangle.)

e Where is the green ball? (The green ball is on
top of the cupboard.)

e What types of shapes do you see on the floor
of the basketball court? (I see a rectangle and
a circle on the basketball court.)

Students begin to name and describe three-dimensional shapes with mathematical vocabulary, using
words such as sphere, cube, cylinder, and cone, and answer related questions (MP.6, MP.7). Examples for
standard K.G.1 include the following:

® Ask students to find rectangles in the classroom and describe the relative positions of the
rectangles they see. (Possible answer: The rectangle [a poster] is over the sphere [globe]).

® The teacher holds up objects—such as an ice-cream cone, a number cube, or a ball—and asks
students to identify each shape.
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® The teacher places an object next to, behind, above, below, beside, or in front of another object

and asks positional questions such as “Where is the object?” (adapted from ADE 2010; KATM 2012,
Kindergarten Flipbook; and UA Progressions Documents 2012c).

Kindergarten students work with a variety of shapes that have different sizes. They learn to match
two-dimensional shapes even when the shapes have different orientations (K.G.2). Students name

shapes that occur in everyday situations, such as circles, triangles, and squares, and distinguish them
from non-examples of these categories.

Students develop an intuitive image of each shape category. Figure K-3 includes examples and non-ex-

amples of triangles, as described below:

® Examples

®m  Exemplars—typical visual prototypes of the shape category

B Variants—other examples of the shape category

® Non-Examples

®  Palpable distractors—non-examples with little or no overall resemblance to the exemplars

m  Difficult distractors—uvisually similar to examples, but lack at least one defining attribute

Figure K-3. Examples and Non-Examples of Triangles

Examples

Non-Examples

Exemplars

Variants

Palpable
Distractors

Difficult
Distractors

Adapted from UA Progressions Documents 2012c.

Kindergarten

717



: Common Misconceptions

Most kindergarten students are unable to recognize an “upside-down triangle” as a triangle, because of
its orientation. However, students should be exposed to many types of triangles, in many different
orientations, to eliminate the misconception that a triangle is always vertex-up and equilateral.

A square with a vertex pointing downward is often referred to as a “diamond.” This needless introduction
of a new shape name should be avoided, as it only serves to confuse the fact that such a shape is still a
square, though its orientation is atypical.

Below are several strategies to help kindergarten students learn about shapes (MP.6, MP.7):

Students form visual templates or refer to models for shape categories (e.g., children recognize a
shape as a rectangle because it looks like a door).

Students see examples of rectangles that are long and skinny and contrast rectangles with non-
rectangles that appear to be similar, but lack an important defining attribute.

Students see examples of triangles that have sides with three different lengths and then contrast
triangles with non-triangles.

The teacher hands out pairs of paper shapes in different sizes. Each student is given one shape.
Then students need to find the partner who has the same shape.

The teacher brings in a variety of spheres (a tennis ball, basketball, globe, table-tennis ball, and so
on) to demonstrate that size does not change the name of a shape (adapted from ADE 2010; KATM
2012, Kindergarten Flipbook; and UA Progressions Documents 2012c).

Students identify shapes as two-dimensional (lying in a plane, “flat”) or three-dimensional (“solid”)
[K.G.3] and differentiate between two-dimensional and three-dimensional shapes (MP.6, MP.7). For
example:

Students name a picture of a shape as two-dimensional because it is flat and can be measured in
only two ways (by its length and width).

Students name an object as three-dimensional because it is not flat (it is a solid object or shape)
and can be measured by length, width, and height (or depth) [adapted from ADE 2010].

Geometry K.G

Analyze, compare, create, and compose shapes.
4.

Analyze and compare two- and three-dimensional shapes, in different sizes and orientations, using
informal language to describe their similarities, differences, parts (e.g., number of sides and verti-
ces/“corners”) and other attributes (e.g., having sides of equal length).

Model shapes in the world by building shapes from components (e.g., sticks and clay balls) and drawing
shapes.

Compose simple shapes to form larger shapes. For example, “Can you join these two triangles with full sides
touching to make a rectangle?”
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Kindergarten students connect their work with identifying and classifying simple shapes (refer to
standards K.G.1-3) to help them compare shapes and manipulate two or more shapes to create a new
shape. This understanding also builds foundations for students to “reason with shapes and their
attributes” in grade one (refer to standards 1.6.1-3).

Students describe similarities and differences between and among shapes using informal language
(K.G.4). These experiences help young students begin to understand how three-dimensional shapes are
composed of two-dimensional shapes—for example, the base and the top of a cylinder is a circle, the
face of a cube is a square, a circle is formed in the shadow of a sphere. In early explorations of geomet-
ric properties, students discover how categories of shapes are subsumed within other categories.

Example: Sorting Shapes K.G.4

Students sort a pile of squares and rectangles into two groups. They discuss how the rectangles and squares
i are alike and how they are different. After students demonstrate an understanding of the differences between :
: squares and rectangles, the teacher hands out either a square or a rectangle cutout to each student. The :
teacher directs students with the square cutouts to one side of the room and the students with the rectangle
i cutouts to the opposite side of the room. The rectangle and square cutouts differ in size and color so that
students focus on the shape attributes. To avoid the misconception that a square is not a rectangle, students
i learn informal language such as “A square is a special rectangle that has four sides of equal length.”

Students work with various triangles, rectangles, and hexagons with sides that are not all congruent.
Initially, students describe shapes using everyday language and then expand their vocabulary to include
geometric terms such as sides and vertices (or corners). Opportunities to work with pictorial representa-
tions and concrete objects, as well as technology, will help students develop their understanding and
descriptive vocabulary for both two- and three-dimensional shapes (MP.4, MP.6, MP.7).

In kindergarten, students model shapes they observe in everyday life by building shapes from various
components (e.g., clay, glue, tape, sticks, paper, straws) and by drawing shapes (K.G.5). Two-dimension-
al shapes are flat, and three-dimensional shapes are not flat (and can be “solid”), so students should
draw or create two-dimensional shapes and build three-dimensional shapes (MP.1, MP4, MP.7).

Students compose simple shapes to form larger shapes and answer questions such as, “Can you join
these two triangles with full sides touching to make a rectangle?” (K.G.6). Composing shapes is an
important concept in kindergarten. Students move from identifying and classifying simple shapes to
manipulating two or more shapes to create a new shape. Students rotate, flip, and arrange puzzle
pieces, and they move shapes to make a design or picture. Finally, students manipulate simple shapes
to make a new shape (MP.1, MP.3, MP.4, MP.7) [adapted from KATM 2012, Kindergarten Flipbook].

Puzzles provide opportunities for students to apply spatial relationships and develop problem-solving
skills in an entertaining and meaningful way. Pattern blocks and tangrams are often utilized when
students work with two-dimensional shapes.
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Example: Exploring Shapes with Tangrams K.G.6

i Students make a schoolhouse using tangrams. The teacher models how to place the pieces and discusses how :

{itis necessary to turn over, rotate, or slide pieces to complete a puzzle.

V4 =)
e N

Each student or pair of students is then provided with a set of tangrams and a simple puzzle, such as the
i outlined version of the schoolhouse above. Students use their pieces to complete the puzzle.

Adapted from National Council of Teachers of Mathematics Illuminations 2013d.

Composing and decomposing shapes with right angles (squares, rectangles, and right triangles that
also make isosceles triangles) provides important foundations for central geometric concepts (such as
transformations) in later grades.

Examples of interactive tangram puzzles are available at the National Council of Teachers of Mathe-
matics Web site (http://www.nctm.org/standards/content.aspx?id=25012 [accessed July 31, 2014]).

Essential Learning for the Next Grade

In kindergarten through grade five, the focus is on the addition, subtraction, multiplication, and
division of whole numbers, fractions, and decimals, with a balance of concepts, skills, and problem
solving. Arithmetic is viewed as an important set of skills and also as a thinking subject that, done
thoughtfully, prepares students for algebra. Measurement and geometry develop alongside number
and operations and are tied specifically to arithmetic along the way.

In kindergarten through grade two, students focus on addition, subtraction, and measurement using
whole numbers. To be prepared for grade-one mathematics, students should be able to demonstrate
that they have acquired specific mathematical concepts and procedural skills by the end of kindergarten
and have met the fluency expectations. For kindergartners, the expected fluencies are to add and sub-
tract within 5 (K.OA.54). Addition and subtraction are introduced in kindergarten, and these fluencies
and the conceptual understandings that support them are foundational for work in later grades.

It is particularly important for kindergarten students to attain the concepts, skills, and understandings
necessary to know the number names and the count sequence (K.CC.1-34); count to tell the number
of objects (K.CC.4-54); compare numbers (K.CC.6—7A); understand addition as putting together and
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adding to; and understand subtraction as taking apart and taking from (K.0OA.1-54). Also, working
with numbers to gain foundations for place value (K.NBT.14A) is essential to understanding the base-ten
number system.

Counting and Cardinality

In kindergarten, students learn to count. Students should connect counting to cardinality—knowing
that the number word tells the quantity and that the number on which a person ends when counting
represents the entire amount counted. Until this concept is developed, counting is merely a routine
procedure done when a number is needed, and students will not understand how to apply numbers to
solve problems.

By the end of kindergarten, important number concepts and skills for students include counting by
ones and tens to 100 (rote counting); continuing a counting sequence when beginning from a number
greater than 1 (counting on); counting objects to 20; writing numbers to 20; understanding one-to-one
correspondence; identifying a quantity using both numerals and words; representing numbers with
numerals (and pictures and words); understanding numbers and the relationships between numbers
and quantities; and understanding the concepts of more and less. Counting to 100 and representing
numbers with numerals (0 to 20) will prepare students to read and write numbers to 120 in grade one.

Addition and Subtraction

By the end of kindergarten, students are expected to add and subtract within 10 and solve addition
and subtraction word problems. Students are also expected to be fluent with addition and subtraction
within 5. Fluency with addition and subtraction will prepare students to add within 100 in grade one.
Addition and subtraction constitute a major instructional focus for kindergarten through grade two.
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California Common Core State Standards for Mathematics

Kindergarten Overview

Counting and Cardinality

e Know number names and the count sequence.
e Count to tell the number of objects.

e Compare numbers.

Operations and Algebraic Thinking

e Understand addition as putting together and adding
to, and understand subtraction as taking apart and
taking from.

Number and Operations in Base Ten

e  Work with numbers 11-19 to gain foundations for
place value.

Measurement and Data
e Describe and compare measurable attributes.

e (lassify objects and count the number of objects in
categories.

Geometry
e |dentify and describe shapes.
e Analyze, compare, create, and compose shapes.
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Mathematical Practices
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Make sense of problems and persevere
in solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Look for and make use of structure.

Look for and express regularity in
repeated reasoning.



Kindergarten n

Counting and Cardinality K.CC

Know number names and the count sequence.
1. Count to 100 by ones and by tens.

2. Count forward beginning from a given number within the known sequence (instead of having to begin at 1).

3.  Write numbers from 0 to 20. Represent a number of objects with a written numeral 0-20 (with O representing a
count of no objects).

Count to tell the number of objects.
4. Understand the relationship between numbers and quantities; connect counting to cardinality.

a.  When counting objects, say the number names in the standard order, pairing each object with one and only one
number name and each number name with one and only one object.

d. Understand that the last number name said tells the number of objects counted. The number of objects is the
same regardless of their arrangement or the order in which they were counted.

e. Understand that each successive number name refers to a quantity that is one larger.

5. Count to answer “how many?” questions about as many as 20 things arranged in a line, a rectangular array, or a
circle, or as many as 10 things in a scattered configuration; given a number from 1-20, count out that many objects.

Compare numbers.

6. Identify whether the number of objects in one group is greater than, less than, or equal to the number of objects in
another group, e.g., by using matching and counting strategies.*

7. Compare two numbers between 1 and 10 presented as written numerals.

Operations and Algebraic Thinking

Understand addition as putting together and adding to, and understand subtraction as taking apart and
taking from.

1. Represent addition and subtraction with objects, fingers, mental images, drawings,® sounds (e.g., claps), acting out
situations, verbal explanations, expressions, or equations.

2. Solve addition and subtraction word problems, and add and subtract within 10, e.g., by using objects or drawings to
represent the problem.

3. Decompose numbers less than or equal to 10 into pairs in more than one way, e.g., by using objects or drawings,
and record each decomposition by a drawing or equation (e.g.,5=2+3and 5 =4 + 1).

4. For any number from 1 to 9, find the number that makes 10 when added to the given number, e.g., by using objects
or drawings, and record the answer with a drawing or equation.

5. Fluently add and subtract within 5.

4. Includes groups with up to 10 objects.
5. Drawings need not show details, but should show the mathematics in the problem. (This applies wherever drawings are mentioned in the
Standards.)
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Number and Operations in Base Ten K.NBT

Work with numbers 11-19 to gain foundations for place value.

1. Compose and decompose numbers from 11 to 19 into ten ones and some further ones, e.g., by using objects or
drawings, and record each composition or decomposition by a drawing or equation (e.g., 18 = 10 + 8); understand
that these numbers are composed of ten ones and one, two, three, four, five, six, seven, eight, or nine ones.

Measurement and Data K.MD

Describe and compare measurable attributes.

1. Describe measurable attributes of objects, such as length or weight. Describe several measurable attributes of a
single object.

N

Directly compare two objects with a measurable attribute in common, to see which object has “more of”/“less of”
the attribute, and describe the difference. For example, directly compare the heights of two children and describe
one child as taller/shorter.

Classify objects and count the number of objects in each category.

3. Classify objects into given categories; count the numbers of objects in each category and sort the categories by
count.®

Geometry K.G

Identify and describe shapes (squares, circles, triangles, rectangles, hexagons, cubes, cones, cylinders,
and spheres).

1. Describe objects in the environment using names of shapes, and describe the relative positions of these objects
using terms such as above, below, beside, in front of, behind, and next to.
2. Correctly name shapes regardless of their orientations or overall size.

3. Identify shapes as two-dimensional (lying in a plane, “flat”) or three-dimensional (“solid”).

Analyze, compare, create, and compose shapes.

4. Analyze and compare two- and three-dimensional shapes, in different sizes and orientations, using informal
language to describe their similarities, differences, parts (e.g., number of sides and vertices/“corners”) and other
attributes (e.g., having sides of equal length).

o

Model shapes in the world by building shapes from components (e.g., sticks and clay balls) and drawing shapes.

IS

Compose simple shapes to form larger shapes. For example, “Can you join these two triangles with full sides
touching to make a rectangle?”

6. Limit category counts to be less than or equal to 10.
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Grade One

rade-one students begin to develop the concept of
place value by viewing 10 ones as a unit called

a ten. This basic but essential idea is the under-
pinning of the base-ten number system. In kindergarten,
students learned to count in order, count to find out “how
many,” and to add and subtract with small sets of num-
bers in different kinds of situations. They also developed
fluency with addition and subtraction within 5. They
saw teen numbers as composed of 10 ones and more
ones. Additionally, kindergarten students identified and
described geometric shapes and created and composed
shapes (adapted from Charles A. Dana Center 2012).

Critical Areas of Instruction

In grade one, instructional time should focus on four
critical areas: (1) developing understanding of addition,
subtraction, and strategies for addition and subtraction
within 20; (2) developing understanding of whole-number
relationships and place value, including grouping in tens
and ones; (3) developing understanding of linear measure-
ment and measuring lengths as iterating length units;
and (4) reasoning about attributes of and composing

and decomposing geometric shapes (National Governors
Association Center for Best Practices, Council of Chief
State School Officers [NGA/CCSSO] 2010h). Students
also work toward fluency in addition and subtraction
with whole numbers within 10.
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Standards for Mathematical Content

The Standards for Mathematical Content emphasize key content, skills, and practices at each
grade level and support three major principles:

® Focus—Instruction is focused on grade-level standards.

¢ (Coherence—Instruction should be attentive to learning across grades and to linking major
topics within grades.

e Rigor—Instruction should develop conceptual understanding, procedural skill and fluency,
and application.

Grade-level examples of focus, coherence, and rigor are indicated throughout the chapter.

The standards do not give equal emphasis to all content for a particular grade level. Cluster
headings can be viewed as the most effective way to communicate the focus and coherence
of the standards. Some clusters of standards require a greater instructional emphasis than

others based on the depth of the ideas, the time needed to master those clusters, and their
importance to future mathematics or the later demands of preparing for college and careers.

Table 1-1 highlights the content emphases at the cluster level for the grade-one standards.
The bulk of instructional time should be given to “Major” clusters and the standards within
them, which are indicated throughout the text by a triangle symbol (a). However, standards
in the “Additional/Supporting” clusters should not be neglected; to do so would result in
gaps in students’ learning, including skills and understandings they may need in later grades.
Instruction should reinforce topics in major clusters by using topics in the additional/sup-
porting clusters and including problems and activities that support natural connections
between clusters.

Teachers and administrators alike should note that the standards are not topics to be
checked off after being covered in isolated units of instruction; rather, they provide content
to be developed throughout the school year through rich instructional experiences
presented in a coherent manner (adapted from Partnership for Assessment of Readiness
for College and Careers [PARCC] 2012).
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Table 1-1. Grade One Cluster-Level Emphases

Operations and Algebraic Thinking 1.0A
Major Clusters
® Represent and solve problems involving addition and subtraction. (1.0A.1-24)

® Understand and apply properties of operations and the relationship between addition and
subtraction. (1.0A.3-4A4)

e Add and subtract within 20. (1.0A.5—64A)
e Work with addition and subtraction equations. (1.0A.7-8A)

Number and Operations in Base Ten 1.NBT
Major Clusters
e Extend the counting sequence. (1.NBT.14)
e Understand place value. (1.NBT.2-3A)
® Use place-value understanding and properties of operations to add and subtract. (1.NBT.4—6A)

Measurement and Data 1.MD
Major Clusters

® Measure lengths indirectly and by iterating length units. (1.MD.1-24A)

Additional/Supporting Clusters
e Tell and write time. (1.MD.3)
® Represent and interpret data. (1.MD.4)

Geometry 1.6
Additional/Supporting Clusters
® Reason with shapes and their attributes. (1.6.1-3)

Explanations of Major and Additional/Supporting Cluster-Level Emphases

Major Clusters (A) — Areas of intensive focus where students need fluent understanding and application of the core
concepts. These clusters require greater emphasis than others based on the depth of the ideas, the time needed to
master them, and their importance to future mathematics or the demands of college and career readiness.

Additional Clusters — Expose students to other subjects; may not connect tightly or explicitly to the major work of the
grade.

Supporting Clusters — Designed to support and strengthen areas of major emphasis.

Note of caution: Neglecting material, whether it is found in the major or additional/supporting clusters, will leave gaps
in students’ skills and understanding and will leave students unprepared for the challenges they face in later grades.

Adapted from Achieve the Core 2012.
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Connecting Mathematical Practices and Content

The Standards for Mathematical Practice (MP) are developed throughout each grade and, together with
the content standards, prescribe that students experience mathematics as a rigorous, coherent, useful,
and logical subject. The MP standards represent a picture of what it looks like for students to under-
stand and do mathematics in the classroom and should be integrated into every mathematics lesson

for all students.

Although the description of the MP standards remains the same at all grade levels, the way these
standards look as students engage with and master new and more advanced mathematical ideas does
change. Table 1-2 presents examples of how the MP standards may be integrated into tasks appropriate
for students in grade one. (Refer to the Overview of the Standards Chapters for a description of the MP

standards.)

Table 1-2. Standards for Mathematical Practice—Explanation and Examples for Grade One

Standards for
Mathematical
Practice

MP.1

Make sense of
problems and
persevere in

Explanation and Examples

In first grade, students realize that doing mathematics involves solving problems and dis-
cussing how they solved them. Students explain to themselves the meaning of a problem
and look for ways to solve it. Younger students may use concrete objects or math drawings
to help them conceptualize and solve problems. They may check their thinking by asking
themselves, “Does this make sense?” They are willing to try other approaches.

abstractly and
quantitatively.

solving them.
MP.2 Younger students recognize that a number represents a specific quantity. They connect the
Reason quantity to written symbols. Quantitative reasoning entails creating a representation of a

problem while attending to the meanings of the quantities.

First-grade students make sense of quantities and relationships while solving tasks. They rep-
resent situations by decontextualizing tasks into numbers and symbols. For example, “There
are 14 children on the playground, and some children go line up. If there are 8 children still
playing, how many children lined up?” Students translate the problem into the situation
equation 14 — = 8, then into the related equation 8 + __ = 14, and then solve the
task. Students also contextualize situations during the problem-solving process. For exam-
ple, students refer to the context of the task to determine they need to subtract 8 from 14,
because the number of children in line is the total number less the 8 who are still playing.
To reinforce students’ reasoning and understanding, teachers might ask, “How do you know”
or “What is the relationship of the quantities?”

Students might also reason about ways to partition two-dimensional geometric figures into
halves and fourths.

MP.3

Construct via-
ble arguments
and critique
the reasoning
of others.

First-graders construct arguments using concrete referents, such as objects, pictures, draw-
ings, and actions. They practice mathematical communication skills as they participate in
mathematical discussions involving questions such as “How did you get that?” or “Explain
your thinking” and “Why is that true?” They explain their own thinking and listen to the
explanations of others. For example, “There are 9 books on the shelf. If you put some more
books on the shelf and there are now 15 books on the shelf, how many books did you put
on the shelf?” Students might use a variety of strategies to solve the task and then share and
discuss their problem-solving strategies with their classmates.
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Table 1-2 (continued)

Standards for
Mathematical
Practice

MP.4

Model with
mathematics

Explanation and Examples

In the early grades, students experiment with representing problem situations in multiple
ways, including writing numbers, using words (mathematical language), drawing pictures,
using objects, acting out, making a chart or list, or creating equations. Students need
opportunities to connect the different representations and explain the connections. They
should be able to use any of these representations as needed.

First-grade students model real-life mathematical situations with an equation and check to
make sure equations accurately match the problem context. Students use concrete models
and pictorial representations while solving tasks and also write an equation to model prob-
lem situations. For example, to solve the problem, “There are 11 bananas on the counter.

If you eat 4 bananas, how many are left?”, students could write the equation 11 -4 =7.
Students should be encouraged to answer questions such as “What math drawing or diagram
could you make and label to represent the problem?” or “What are some ways to represent
the quantities?”

MP.5

Use appro-
priate tools
strategically.

Students begin to consider the available tools (including estimation) when solving a mathe-
matical problem and decide when particular tools might be helpful. For instance, first-grad-
ers decide it might be best to use colored chips to model an addition problem.

Students use tools such as counters, place-value (base-ten) blocks, hundreds number boards,
concrete geometric shapes (e.g., pattern blocks or three-dimensional solids), and virtual
representations to support conceptual understanding and mathematical thinking. Students
determine which tools are appropriate to use. For example, when solving 12 + 8 = __
students might explain why place-value blocks are appropriate to use to solve the problem.
Students should be encouraged to answer questions such as “Why was it helpful to

use 77

MP.6 As young children begin to develop their mathematical communication skills, they try to use
Attend to clear and precise language in their discussions with others and when they explain their own
. reasoning.

precision.
In grade one, students use precise communication, calculation, and measurement skills.
Students are able to describe their solution strategies for mathematical tasks using grade-
level-appropriate vocabulary, precise explanations, and mathematical reasoning. When
students measure objects iteratively (repetitively), they check to make sure there are no gaps
or overlaps. Students regularly check their work to ensure the accuracy and reasonableness
of solutions.

MP.7 First-grade students look for patterns and structures in the number system and other areas
of mathematics. While solving addition problems, students begin to recognize the commuta-

Look forand | . . ; .
tive property—for example, 7 + 4 = 11, and 4 + 7 = 11. While decomposing two-digit num-

make use of . . .

structure bers, students realize that any two-digit number can be broken up into tens and ones (e.g.,

35=30+ 5, 76 = 70 + 6). Grade-one students make use of structure when they work with
subtraction as an unknown addend problem. For example, 13 —7 = ___ can be written as 7
+ =13 and can be thought of as “How much more do | need to add to 7 to get to 13?”
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Table 1-2 (continued)

Standards for

Mathematical Explanation and Examples

Practice

MP.8 In the early grades, students notice repetitive actions in counting and computation. When
children have multiple opportunities to add and subtract 10 and multiples of 10, they notice

Look for . . . .
the pattern and gain a better understanding of place value. Students continually check their

and express . M . Y

. work by asking themselves, “Does this make sense?

regularity in

repeated rea- | Grade-one students begin to look for regularity in problem structures when solving mathe-

soning. matical tasks. For example, students add three one-digit numbers by using strategies such as

“make a ten” or doubles. Students recognize when and how to use strategies to solve similar
problems. For example, when evaluating 8 + 7 + 2, a student may say, “I know that 8 and 2
equals 10, then | add 7 to get to 17. It helps if | can make a ten out of two numbers when |
start.” Students use repeated reasoning while solving a task with multiple correct answers—
for example, the problem “There are 12 crayons in the box. Some are red and some are
blue. How many of each color could there be?” For this particular problem, students use
repeated reasoning to find pairs of numbers that add up to 12 (e.g., the 12 crayons could
include 6 of each color [6 + 6 = 12], 7 of one color and 5 of another [7 + 5 = 12], and so
on). Students should be encouraged to answer questions such as “What is happening in this
situation?” or “What predictions or generalizations can this pattern support?”

Adapted from Arizona Department of Education (ADE) 2010 and North Carolina Department of Public Instruction (NCDPI) 2013b.

Standards-Based Learning at Grade One

The following narrative is organized by the domains in the Standards for Mathematical Content and
highlights some necessary foundational skills from previous grade levels. It also provides exemplars to
explain the content standards, highlight connections to Standards for Mathematical Practice (MP), and
demonstrate the importance of developing conceptual understanding, procedural skill and fluency, and
application. A triangle symbol (A) indicates standards in the major clusters (see table 1-1).

Domain: Operations and Algebraic Thinking

In kindergarten, students added and subtracted small numbers and developed fluency with these
operations with whole numbers within 5. A critical area of instruction for students in grade one is to
develop an understanding of and strategies for addition and subtraction within 20. First-grade students
also become fluent with these operations within 10.

Students in first grade represent word problems (e.g., using objects, drawings, and equations) and
relate strategies to a written method to solve addition and subtraction word problems within 20
(1.0A.1-2A). Grade-one students extend their prior work in three major and interrelated ways:

® They use Level 2 and Level 3 problem-solving methods to extend addition and subtraction
problem solving from within 10, to problems within 20 (see table 1-3).

® They represent and solve for all unknowns in all three problem types: add to, take from, and
put together/take apart (see table 1-4).

® They represent and solve a new problem type: “compare” (see table 1-5).
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To solve word problems, students learn to apply various computational methods. Kindergarten stu-
dents generally use Level 1 methods, and students in first and second grade use Level 2 and Level 3
methods. The three levels are summarized in table 1-3 and explained more thoroughly in appendix C.

Table 1-3. Methods Used for Solving Single-Digit Addition and Subtraction Problems

Level 1: Direct Modeling by Counting All or Taking Away

Represent the situation or numerical problem with groups of objects, a drawing, or fingers. Model the situa-
i tion by composing two addend groups or decomposing a total group. Count the resulting total or addend.
Level 2: Counting On

Embed an addend within the total (the addend is perceived simultaneously as an addend and as part of the
i total). Count this total, but abbreviate the counting by omitting the count of this addend; instead, begin with
{ the number word of this addend. The count is tracked and monitored in some way (e.g., with fingers, objects, !
mental images of objects, body motions, or other count words). :

For addition, the count is stopped when the amount of the remaining addend has been counted. The last 5
i number word is the total. For subtraction, the count is stopped when the total occurs in the count. The track- :
i ing method indicates the difference (seen as the unknown addend). :
Level 3: Converting to an Easier Equivalent Problem
Decompose an addend and compose a part with another addend.

Adapted from the University of Arizona (UA) Progressions Documents for the Common Core Math Standards 2011a.

Operations and Algebraic Thinking 1.0A

Represent and solve problems involving addition and subtraction.

1. Use addition and subtraction within 20 to solve word problems involving situations of adding to, taking
from, putting together, taking apart, and comparing, with unknowns in all positions, e.g., by using
objects, drawings, and equations with a symbol for the unknown number to represent the problem.!

2. Solve word problems that call for addition of three whole numbers whose sum is less than or equal to 20,
e.g., by using objects, drawings, and equations with a symbol for the unknown number to represent the
problem.

In kindergarten, students worked with the following types of addition and subtraction situations: add
to (with result unknown); take from (with result unknown); and put together/take apart (with total
unknown and both addends unknown). First-graders extend this work to include problems with larger
numbers and unknowns in all positions (see table 1-4). In first grade, students are also introduced to a
new type of addition and subtraction problem—*“compare” problems (see table 1-5).

Students in first grade add and subtract within 20 (1.0A.1-24) to solve the types of problems shown in
tables 1-4 and 1-5 (MP.1, MP.2, MP.3, MP.4, MP.5, MP.6). A major goal for grade-one students is the use
of “Level 2: Counting On” methods for addition (find the total) and subtraction (find the unknown
addend). Level 2 methods represent a new challenge for students, because when students “count

1. See glossary, table GL-4.
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on,” an addend is already embedded in the total to be found; it is the named starting number of the
“counting on” sequence. The new problem subtypes with which grade-one students work support the
development of this “counting on” strategy. In particular, “compare” problems that are solved with tape
diagrams can serve as a visual support for this strategy, and they are helpful as students move away
from representing all objects in a problem to representing objects solely with numbers (adapted from

UA Progressions Documents 2011a).

Initially, addition and subtraction problems include numbers that are small enough for students to
make math drawings to solve problems that include all the objects. Students also use the addition
symbol (+) to represent “add to” and “put together” situations, the subtraction symbol (-) to represent
“take from” and “take apart” situations, and the equal sign (=) to represent a relationship regarding
equality between one side of the equation and the other.

Table 1-4. Grade-One Addition and Subtraction Problem Types (Excluding “Compare”

Problems)
Ipedi : Result Unknown Change Unknown Start Unknown
Problem : : :
Chris has 11 toy cars. José gave Bill had 5 toy robots. His mom Some children were playing on
- him 5 more. How many does : gave him some more. Now he : the playground, and 5 more
* Chris have now? : has 9 robots. How many toy  : children joined them. Then
. - robots did his mom give him? : there were 12 children. How
- This problem could be repre- many children were playing
-sented by 11 + 5=[1. : In this problem, the starting before?
General Case: A + B = [ quantity is provjded (5 robots),
: : : a second quantity is added to : This problem can be repre-
'  that amount (some robots), | sented by [1+ 5 = 12. The
and the result quantity is “start unknown” problems are
: given (9 robots). This question : difficult for students to solve
 type is more algebraic and : because the initial quantity is
Add to - challenging than the “result  : unknown and therefore can-
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: unknown” problems and can

: be modeled by a situational

- equation (5 + = 9), which

: can be solved by counting on

: from 5 to 9. [Refer to standard
- 1.0A.6 for examples of addi-

: tion and subtraction strategies :
: that students use to solve '
- problems.]

General Case: A + 1= C.

i not be represented. Children
i need to see both addends as
- making the total, and then

: some children can solve this
by 5+ 0= 12.

General Case: (J+ B=C.




Table 1-4 (continued)

Type of
Pryopblem . Result Unknown @ Change Unknown Start Unknown
........................... There were 20 oranges Andrea had 8 stickers. She Some children were lining up for
- in the bowl. The fam- - gave some stickers away. Now : lunch. Four (4) children left, and then
- ily ate 5 oranges from - she has 2 stickers. How many : there were 6 children still waiting in
- the bowl. How many stickers did she give away? : line. How many children were there
é i P . i before?
granges weletivie : This question can be modeled :
= - by a situational equation . This problem can be modeled by
Take  Thisproblem canbe (8 —J=2)orasolution . LJ-4=6. Similar to the previous
; - represented by equation (8—2=[1). Both add to (start unknown)” problem,
e :20-5= 1.  the “take from” and “add to” ﬂt‘e ttakE from prolglemshwlm thel .
:  questions involve actions. ; startunknown require a high level o
 General Case: 4 . conceptual understanding. Children
C-B=L0l . General Case: C—[J=A. . need to see both addends as making
: : : the total, and then some children can
: solve this by 4 + 6 =L1.
General Case: [1-B =A.
Both Addends
Total Unknown Addend Unknown +
: : Unknown
: There are 6 blue Roger puts 10 apples in a fruit Grandma has 9 flowers. How many
blocks and 7 red i basket. Four (4) are red and i can she put in her green vase and
- blocks in the box. the rest are green. How many how many in her purple vase?
How 7many blocks are are green? : Students will name all the combina-
there?  There is no direct or implied ~: tions of pairs that add to nine:
: This problem can be : action. The problem involves g9 =0 +9 9=9+0
Put  represented by i asetand its subsets. [tcanbe i9g=1 + 8 9=8+1
h 7+6=0. : modeled by 10 —4 = O or 19=2+7 9=7+2
toget er/;G | Case: i 4 + (0= 10. This type of prob- :9=3 + 6 9=6+3
Take . General Case: § . . 2 -
A+B=[] i lem provides students with  :9=4+5 9=5+4
e oggor:jun;:ets to uhqgferstgnqd : Being systematic while naming the
' ;4 enl > d a : are il Ilng msllo € * pairs is efficient. Students should
:d tOt? and also to relate sub- pattern repeats after
- traction and an unknown-ad- 54 4 and know that they have
dend problem. named all possible combinations.
- General Case: A+ [0=C. General Case: €= 00+ .
: General Case: C—A =L, é

Note: In this table, the darkest shading indicates the problem subtypes introduced in kindergarten. Grade-one and grade-two
students work with all problem subtypes. The unshaded problems are the most difficult subtypes that students work with in
grade one, but students need not master these problems until grade two.

fThese take-apart situations can be used to show all the decompositions of a given number. The associated equations, which
have the total on the left of the equal sign (=), help children understand that the = sign does not always mean makes or results
in, but does always mean is the same number as.

SEither addend can be unknown, so there are three variations of these problem situations. “Both Addends Unknown” is a
productive extension of this basic situation, especially for small numbers less than or equal to 10.
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“Compare” problems are introduced in first grade (see table 1-5 for examples). In a compare situation,
two quantities are compared to find “How many more” or “How many less.” One reason “compare”
problems are more advanced than the other two major problem types is that in “compare” problems,
one of the quantities (the difference) is not present in the situation physically; it must be conceptu-
alized and constructed in a representation by showing the “extra” that, when added to the smaller
unknown, makes the total equal to the bigger unknown, or by finding this quantity embedded in the
bigger unknown.

Table 1-5. Grade-One Addition and Subtraction Problem Types (“Compare” Problems)

Compare

Difference Unknown

: Pat has 9 peaches. Lynda

 has 4 peaches. How many
: more peaches does Lynda
 have than Pat?

: “Compare” problems involve
: relationships between

: quantities. Although most

: adults might use subtraction :
- to solve this type of Com-
i pare problem (9 -4 = [0J),
: students will often solve this
 problem as an unknown-

: addend problem (4 + =

: 9) or by using a “counting

- up” or matching strategy. In
- all mathematical problem
 solving, what matters is the
- explanation a student gives
‘ to relate a representation to
a context—not the repre-

: sentation separated from its
: context.

General Case: A + 1= C.
: General Case: C—A = [.

Bigger Unknown

i “More” version

Theo has 7 action figures.

i Rosa has 2 more action figures
i than Theo. How many action

: figures does Rosa have?

This problem can be modeled
iby7+2=10.

: “Fewer” version—with
: misleading language

i Lucy has 8 apples. She has

i 2 fewer apples than Marcus.
How many apples does Marcus :
i have?

: This problem can be modeled
i as 8 + 2 = . The misleading
i word fewer may lead students
: to choose the wrong opera-

i tion.

General Case: A+ B=1[1.

i “Fewer” version

Bill has 8 stamps. Lisa has 2
i fewer stamps than Bill. How
many stamps does Lisa have?

This problem can be modeled
fas8-2=10.

i “More” version—with
i misleading language

David has 7 more bunnies
{ than Keisha. David has 8 bun-

: Keisha have?

: This problem can be modeled
tas 8 —7 =[1. The misleading
i word more may lead students
! to choose the wrong opera-

: tion.

General Case: C—-B = [1.
i General Case: 1+ B=C.

Smaller Unknown

nies. How many bunnies does

Note: This table shows that grade-one and grade-two students work with all “compare” problem types. The unshaded problems
are the most difficult problem types that students work with in grade one, but students need not master these problems until

grade two.

Adapted from NGA/CCSSO 2010d and UA Progressions Documents 2011a.

The language of these problems may also be difficult for students. For example, “Julie has 3 more
apples than Lucy” states that both (a) Julie has more apples and (b) the difference is 3. Many students
“hear” the part of the sentence about who has more, but do not initially hear the part about how many
more. Students need experience hearing and saying a separate sentence for each of the two parts to
help them comprehend and say the one-sentence form.
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Example: Strategies for Solving “Compare” Problems 1.0A1A

%Abel has 9 balls. Susan has 3 balls. How many more balls does Abel have than Susan?

 Students use objects to represent the two sets of balls and compare them.

Teachers may also ask the related question, “How many fewer balls does Susan have than Abel?”

Students also use comparison bars. Rather than representing the actual objects with manipulatives or draw-
i ings, they use the numbers in the problem to represent the quantities.

9 Balls

TS
\

Finally, students also work with number-bond diagrams, such as those shown below. They might use drawings
that represent quantities or drawings that show only the numbers presented in a problem.

0/0/0 00000 9 Balls
0/00) ”m 3 Balls ? Balls

Although most adults know to solve “compare” problems with subtraction, students often represent
these problems as missing-addend problems (e.g., representing the previous example involving Abel
and Susan as 3 + [0 = 9). Student methods such as these should be explored, and the connection

between addition and subtraction made explicit (adapted from UA Progressions Documents 2011a).

As mentioned previously, the language and conceptual demands of “compare” problems are challeng-
ing for students in grade one. Some students may also have difficulty with the conceptual demands of
“start unknown” problems. Grade-one students should have the opportunity to solve and discuss such
problems, but proficiency with these most difficult subtypes should not be expected until grade two.

Literature can be incorporated into problem solving with young students. Many literature books
include mathematical ideas and concepts. Books that contain problem situations involving addition
and subtraction with the numbers 0 through 20 would be appropriate for grade-one students (Kansas
Association of Teachers of Mathematics [KATM] 2012, 1st Grade Flipbook).
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Focus, Coherence, and Rigor

Problems that provide opportunities for students to explain their thinking and use
objects and drawings to represent word problems (1.0A.A) also reinforce the Stan-
dards for Mathematical Practice, such as making sense of problems (MP.1), reasoning
quantitatively to make sense of quantities and their relationships in problems (MP.2),
and justifying conclusions (MP.3).

Common Misconceptions

® Some students misunderstand the meaning of the equal sign. The equal sign means is the same as, but
many primary students think the equal sign means the answer is coming up to the right of the equal sign.
When students are introduced only to examples of number sentences with the operation to the left of the
equal sign and the answer to the right, they overgeneralize the meaning of the equal sign, which creates
this misconception. First-graders should see equations written in multiple ways—for example, 5 + 7 =
12 and 12 = 5 + 7. The put together/take apart (with both addends unknown) problems are particularly
helpful for eliciting equations such as 12 = 5 + 7 (with the sum to the left of the equal sign). Consider
this problem: “Robbie puts 12 balls in a basket. Some of the balls are orange and the rest are black. How
many are orange and how many are black?” These equations can be introduced in kindergarten with
small numbers (e.g., 5 =4 + 1), and they should be used throughout grade one.

® Many students assume key words or phrases in a problem suggest the same operation every time. For
example, students might assume the word /eft always means they need to subtract to find a solution. To
help students avoid this misconception, include problems in which key words represent different oper-
ations. For example, “Joe took 8 stickers he no longer wanted and gave them to Anna. Now Joe has 11
stickers left. How many stickers did Joe have to begin with?” Facilitate students’ understanding of scenar-
ios represented in word problems. Students should analyze word problems (MP.1, MP.2) and not rely on
key words.

Adapted from KATM 2012, 1st Grade Flipbook.

Grade-one students solve word problems that call for addition of three whole numbers whose sum is
less than or equal to 20 (1.0A.24A). Students can collaborate in small groups to develop problem-
solving strategies. Grade-one students use a variety of strategies and models—such as drawings, words,
and equations with symbols for the unknown numbers—to find solutions. Students explain, write, and
reflect on their problem-solving strategies (MP.1, MP.2, MP.3, MP.4, MP.6). For example, each student
could write or draw a problem in which three groups of items (whose sum is within 20) are to be com-
bined. Students might exchange their problems with other students, solve them individually, and then
discuss their models and solution strategies. The students work together to solve each problem using a
different strategy. The level of difficulty for these problems also may be differentiated by using smaller
numbers (up to 10) or larger numbers (up to 20).
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Operations and Algebraic Thinking

Understand and apply properties of operations and the relationship between addition and
subtraction.

3. Apply properties of operations as strategies to add and subtract.? Examples: If 8 + 3 = 11 is known, then
3 + 8 =11 is also known. (Commutative property of addition.) To add 2 + 6 + 4, the second two numbers
can be added to make a ten, so 2 + 6 + 4 = 2 + 10 = 12. (Associative property of addition.)

4. Understand subtraction as an unknown-addend problem. For example, subtract 10 — 8 by finding the
number that makes 10 when added to 8.

First-grade students build their understanding of the relationship between addition and subtraction.
Instruction should include opportunities for students to investigate, identify, and then apply a pattern
or structure in mathematics. For example, pose a string of addition and subtraction problems involving
the same three numbers chosen from the numbers 0 to 20 (e.g.,4 + 6 =10and 6 + 4 =10; or 10— 6 =
4 and 10 — 4 = 6). These are related facts—a set of three numbers that can be expressed with an addi-
tion or subtraction equation. Related facts help develop an understanding of the relationship between
addition and subtraction and the commutative and associative properties.

Students apply properties of operations as strategies to add and subtract (1.0A.34). Although it is not
necessary for grade-one students to learn the names of the properties, students need to understand
the important ideas of the following properties:

e |dentity property of addition (e.g., 6 = 6 + 0) — adding 0 to a number results in the same
number.

e |dentity property of subtraction (e.g., 9 — 0 = 9) — subtracting 0 from a number results in the
same number.

e Commutative property of addition (e.g., 4 + 5 =5 + 4) — the order in which you add numbers
does not matter.

® Associative property of addition (e.g.,3+(9+1)=(3+9)+1=12+1=13)— when adding
more than two numbers, it does not matter which numbers are added together first.

 Example 1.0A.3A

To show that order does not change the result in the operation of addition, students build a tower of 8 green
 cubes and 3 yellow cubes, and another tower of 3 yellow cubes and 8 green cubes. Students can also use
cubes of 3 different colors to demonstrate that (2 + 6) + 4 is equivalent to 2 + (6 + 4) and then to prove
124 (6+4)=2+10.

Adapted from KATM 2012, 1st Grade Flipbook.

2. Students need not use formal terms for these properties.
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Focus, Coherence, and Rigor

Students apply the commutative and associative properties as strategies to solve
addition problems (1.0A.3A); these properties do not apply to subtraction. They use
mathematical tools, such as cubes and counters, and visual models (e.g., drawings
and a 100 chart) to model and explain their thinking. Students can share, discuss, and
compare their strategies as a class (MP.2, MP.7, MP.8).

Students understand subtraction as an unknown-addend problem (1.0A.4A). Word problems such as
put together/take apart (with addend unknown) afford students a context to see subtraction as the
opposite of addition by finding an unknown addend. Understanding subtraction as an unknown-
addend addition problem is one of the essential understandings students will need in middle school to
extend arithmetic to negative rational numbers (adapted from ADE 2010 and UA Progressions
Documents 2011a).

Common Misconceptions

Students may assume that the commutative property applies to subtraction. After students have discovered
and applied the commutative property of addition, ask them to investigate whether this property works for
subtraction. Have students share and discuss their reasoning with each other; guide them to conclude that
the commutative property does not apply to subtraction (adapted from KATM 2012, 1st Grade Flipbook). This
may be challenging. Students might think they can switch the addends in subtraction equations because of
their work with related-fact equations using the commutative property for addition. Although 10 —2 = 8 and
10 — 8 = 2 are related equations, they do not constitute an example of the commutative property because
the differences are not the same. Students also need to understand that they cannot switch the total and an
addend (for example: 10 — 2 and 2 — 10) and get the same difference.

Operations and Algebraic Thinking
Add and subtract within 20.

5. Relate counting to addition and subtraction (e.g., by counting on 2 to add 2).

6. Add and subtract within 20, demonstrating fluency for addition and subtraction within 10. Use strategies
such as counting on; making ten (e.g.,8 + 6 =8 + 2 + 4 = 10 + 4 = 14); decomposing a number leading
toaten(e.g.,13-4=13-3-1=10-1=9); using the relationship between addition and subtraction
(e.g., knowing that 8 + 4 = 12, one knows 12 — 8 = 4); and creating equivalent but easier or known sums
(e.g., adding 6 + 7 by creating the known equivalent6+ 6 +1 =12+ 1=13).

Primary students come to understand addition and subtraction as they connect counting and number
sequence to these operations (1.0A.54). First-grade students connect counting on and counting back to
addition and subtraction. For example, students count on (3) from 4 to solve the addition problem

4 + 3 = 7. Similarly, students count back (3) from 7 to solve the subtraction problem 7 —3 = 4. The
“counting all” strategy requires students to count an entire set. The “counting on” and “counting back”
strategies occur when students are able to hold the start number in their head and count on from that
number. Students generally have difficulty knowing where to begin their count when counting backward,
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so it is much better to restate the subtraction as an unknown addend and solve by counting on: “7 —3
means 3 + [1=7,504,5,6,7...1counted on 4 more to get to 7, so 4 is the answer.” Solving subtraction
problems by counting on helps to reinforce the concept that subtraction problems are missing-addend
problems, which is important for students’ later understanding of operations with rational numbers.

Students will use different strategies to solve problems if given the time and space to do so. Teachers
should explore the various methods that arise as students work to understand general properties of
operations.

Example: Students use different strategies to solve a problem. 1.0A.6A

There are crayons in a box. There are 4 green crayons, 5 blue crayons, and 6 red crayons. How many crayons
i are in the box? Explain to others how you found your answer.

Student 1 (Adding with a 10-frame and counters)

| put 4 counters on a 10-frame for the green crayons. Then | put 5 different-colored counters on the 10-frame
for the blue crayons. And then | put another 6 color counters out for the red crayons. Only one of the crayons
ifit, so | had 5 left over. One 10-frame and 5 left over make 15 crayons (MP.2, MP.3, MP.5) (1.0A.24).

Student 2 (Making tens)
i I know that 4 and 6 equal 10, so the green and red equal 10 crayons. Then | added the 5 blue crayons to get
: 15 total crayons (MP.2. MP.6) (1.0A.34).

Student 3 (Counting on)

i I counted on from 6, first counting on 5 to get 11 and then counting on 4 to get 15. | used my fingers to keep
i track of the 5 and the 4. But now | see that because 5 and 4 make 9, | could have counted on 6 from 9. So
there were 15 total crayons (MP.1, MP.2) (1.0A.6A).

First-grade students use various strategies to add and subtract within 20 (1.0A.64). Students need
ample opportunities to model operations using various strategies and explain their thinking (MP.2,
MP.7, MP.8).

Example: 8+ 7=____ 1.0A.6A

i Student 1 (Making 10 and decomposing a number) ' Student 2 (Creating an easier problem with known sums)
{1 know that 8 plus 2 is 10, so | decomposed (broke i 1know 8 is 7 + 1. | also know that 7 and 7 equal 14. :
up) the 7 into a 2 and a 5. First | added 8 and 2 to Then | added 1 more to get 15.

i get 10, and then | added the 5 to get 15. ig+7= (7+7)+1=15

8+7=(8+2)+5=10+5=15

Example: 14 -6=____ 1.0A.6A

i Student 1 (Decomposing the number you subtract)  Student 2 (Relationship between addition and subtrac-

{1 know that 14 minus 4 is 10, so | broke up the 6 ' tion) i
finto a4 and a 2. 14 minus 4 is 10. Then | take away : | know that 6 plus 8 is 14, so that means that 14 minus 6 :
i 2 more to get 8. {is8.6+8=14,5014-6=8. :

14-6=(14-4)-2=10-2=8 LIf 1 didn’t know 6 + 8 = 14, | could start by making a
ten: 6 + 4 is 10, and 4 more is 14, and 4 plus 4 is 8.

Adapted from ADE 2010 and Georgia Department of Education (GaDOE) 2011.
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Students begin to develop algebraic understanding when they create equivalent expressions to solve a
problem (such as when they write a situation equation and then write a solution equation from that) or
use addition or subtraction combinations they know to solve more difficult problems.

FLUENCY

California’s Common Core State Standards for Mathematics (K—6) set expectations for fluency in computa-

tion (e.g., fluently add and subtract within 10) [1.0A.6A]. Such standards are culminations of progressions of
learning, often spanning several grades, involving conceptual understanding, thoughtful practice, and extra
support where necessary. The word fluent is used in the standards to mean “reasonably fast and accurate”
and possessing the ability to use certain facts and procedures with enough facility that using such knowledge
does not slow down or derail the problem solver as he or she works on more complex problems. Procedural
fluency requires skill in carrying out procedures flexibly, accurately, efficiently, and appropriately. Developing
fluency in each grade may involve a mixture of knowing some answers, knowing some answers from patterns,
and knowing some answers through the use of strategies.

Adapted from UA Progressions Documents 2011a.

Some strategies to help students develop understanding and fluency with addition and subtraction
include the use of 10-frames or math drawings, comparison bars, and number-bond diagrams. The use
of visuals (e.g., hundreds charts and base-ten representations) can also support fluency and number
sense.

Students continue to develop meanings for addition and subtraction as they encounter problem
situations in kindergarten through grade two. They expand their ability to represent problems, and
they use increasingly sophisticated computation methods to find answers. In each grade, the situations,
representations, and methods should foster growth from one grade to the next.

Operations and Algebraic Thinking

Work with addition and subtraction equations.

7. Understand the meaning of the equal sign, and determine if equations involving addition and subtraction
are true or false. For example, which of the following equations are true and which are false? 6 = 6,
7=8-1,5+2=2+54+1=5+2

8. Determine the unknown whole number in an addition or subtraction equation relating three whole num-
bers. For example, determine the unknown number that makes the equation true in each of the equations
8+72=11,5=0-36+6="L1

Students need to understand the meaning of the equal sign (1.0A.7A) and know that the quantity on
one side of the equal sign must be the same quantity as on the other side of the equal sign. Inter-
changing the language of equal to and is the same as, as well as not equal to and is not the same as, will
help students grasp the meaning of the equal sign.
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To avoid common pitfalls such as the equal sign meaning “to do something” or the equal sign meaning
“the answer is,” students should be able to:

e express their understanding of the meaning of the equal sign;

e realize that sentences other than a+b=c are true (e.g.,a=a,c=a+b,a=a+0,
a+b=b+a);

e know the equal sign represents a relationship between two equal quantities;

e compare expressions without calculating. For example, a student evaluates3 +4 =3 + 3 + 2.
She says, “I know this statement is false because there is a 3 on both sides of the equal sign, but
the right side has 3 + 2, and that makes 5, which is more than 4. So the two sides can’t be equal.”

True/False Statements for Developing Understanding of the Equal Sign 1.0A.7A
7=8-1 ‘ 9+3=10
....................................................... 8 :85+3:10_2
............................................... 1 +1+3:73+4+5:3+5+4
.............................................. 4 +3:3+43+4+5:7+5
............................................... 6 _1:1_613:10+4
............................................ 12+2_2:1210+9+1:19

Initially, students develop an understanding of the meaning of equality using models. Students can
justify their answers, make conjectures (e.g., if you start with zero and add a number and then subtract
that same number, you always get zero), and use estimation to support their understanding of equality
(adapted from ADE 2010 and KATM 2012, 1st Grade Flipbook).

Domain: Number and Operations in Base Ten

In kindergarten, students developed an important foundation for understanding the base-ten system:
they viewed “teen” numbers as composed of 10 ones and some more ones. A critical area of instruction
in grade one is to extend students’ place-value understanding to view 10 ones as a unit called a ten and
two-digit numbers as amounts of tens and ones (UA Progressions Documents 2012b).

Number and Operations in Base Ten

Extend the counting sequence.

1. Count to 120, starting at any number less than 120. In this range, read and write numerals and represent
a number of objects with a written numeral.

First-grade students extend reading and writing numerals beyond 20—to 120 (1.NBT.14). Students use
objects, words, and symbols to express their understanding of numbers. For a given numeral, students
count out the given number of objects, identify the quantity that each digit represents, and write and
read the numeral (MP.2, MP.7, MP.8). For example:
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Source: Ohio Department of Education (ODE) 2011.

Seeing different representations can help
students develop an understanding of
numbers. Posting the number words in the

classroom helps students to read and write front: 101 / 7 101 0 / 7
the words. Extending hundreds charts to
120 and displaying them in the classroom

can help students connect place value to the back:  [00000e0 " ° 00000 oo °°
numerals and the words for the numbers

1 to 120. Students may need extra support
Children can use layered place-value cards to see the 10 “hiding”

with decade and century numbers when - "
. inside any teen number. Such decompositions can be connected
they orally count to 120. These transitions to numbers represented with objects and math drawings.

will be signaled by a 9 and require new rules
to generate the next set of numbers. Students need experience counting from different starting points
(e.g., start at 83 and count to 120).

Place-value cards
layered separated

Notice the power of the vertical hundreds chart: You can see all 9 of the tens in the numbers 91 to 99.

Part of a number list

91 101 m

92 102 112

93 103 113

94 104 114

95 105 115

96 106 116

97 107 17

98 108 118

99 109 119

100 110 120
In the classroom, a list of the numerals from 1 to 120 can be shown
in columns of 10 to help highlight the base-ten structure. The num-
bers 101, . . ., 120 may be especially difficult for children to write.

Source: UA Progressions Documents 2012b.
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Number and Operations in Base Ten 1.NBT

Understand place value.

2. Understand that the two digits of a two-digit number represent amounts of tens and ones. Understand
the following as special cases:

a. 10 can be thought of as a bundle of ten ones—called a “ten.”

b. The numbers from 11 to 19 are composed of a ten and one, two, three, four, five, six, seven, eight, or
nine ones.

¢. The numbers 10, 20, 30, 40, 50, 60, 70, 80, 90 refer to one, two, three, four, five, six, seven, eight, or
nine tens (and 0 ones).

3. Compare two two-digit numbers based on meanings of the tens and ones digits, recording the results of
comparisons with the symbols >, =, and <.

Grade-one students learn that the two digits of a two-digit number represent amounts of tens and ones
(e.g., 67 represents 6 tens and 7 ones) (1.NBT.24).

Understanding the concept of a ten is fundamental to young students’ mathematical development.
This is the foundation of the place-value system. In kindergarten, students thought of a group of 10
cubes as 10 individual cubes. First-grade students understand 10 cubes as a bundle of 10 ones, or a ten
(1.NBT.2aA). Students can demonstrate this concept by counting 10 objects and “bundling” them into
one group of 10 (MP.2, MP.6, MP.7, MP.8).

Students count between 10 and 20 objects and can make a bundle of 10 with or without some left
over, which can help students write teen numbers (1.NBT.2bA). They can continue counting any num-
ber of objects up to 99, making bundles of tens with or without leftovers (1.NBT.2cA). For example, a
student represents the number 14 as one bundle (one group of 10) with four left over.
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Students can also use models to express larger numbers as bundles of tens and 0 ones or some leftover
ones. Students explain their thinking in different ways. For example:

Teacher: For the number 42, do you have enough to make 4 tens? Would you have any left? If
so, how many would you have left?

Student 1: | filled 4 10-frames to make 4 tens and had 2 counters left over. | had enough to
make 4 tens with some left over. The number 42 has 4 tens and 2 ones.

Student 2: | counted out 42 place-value cubes. | traded each group of 10 cubes for a 10-rod
(stick). I now have 4 10-rods and 2 cubes left over. So the number 42 has 4 tens and 2 ones
(adapted from ADE 2010).

Students learn to read 53 as fifty-three as well as 5 tens and 3 ones. However, some number words
require extra attention at first grade because of their irregularities. Students learn that the decade
words (e.g., twenty, thirty, forty, and so on) indicate 2 tens, 3 tens, 4 tens, and so on. They also realize
many decade number words sound much like teen number words. For example, fourteen and forty
sound very similar, as do fifteen and fifty, and so on to nineteen and ninety. Students learn that the
number words from 13 to 19 give the number of ones before the number of tens. Students also
frequently make counting errors such as “twenty-nine, twenty-ten, twenty-eleven, twenty-twelve”

(UA Progressions Documents 2012b). Because of these complexities, it can be helpful for students to
use regular tens words as well as English words—for example, “The number 53 is 5 tens, 3 ones, and
also fifty-three.”

Grade-one students use base-ten understanding to recognize that the digit in the tens place is more
important than the digit in the ones place for determining the size of a two-digit number (1.NBT.34).
Students use models that represent two sets of numbers to compare numbers. Students attend to the
number of tens and then, if necessary, to the number of ones. Students may also use math drawings of
tens and ones and spoken or written words to compare two numbers. Comparative language includes
but is not limited to more than, less than, greater than, most, greatest, least, same as, equal to, and not
equal to (MP.2, MP.6, MP.7, MP.8) [adapted from ADE 2010].

Table 1-6 presents a sample classroom activity that connects the Standards for Mathematical Content
and Standards for Mathematical Practice.
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Table 1-6. Connecting to the Standards for Mathematical Practice—Grade One

Standards Addressed

Connections to Standards for Mathematical
Practice

MP.2. Students reason abstractly and quantita-
tively as they move between the written repre-
sentation of numbers and the base-ten block
representation of numbers.

MP.5. Students develop an understanding of the
use of base-ten blocks that will lay a foundation
for using these blocks to develop and understand
algorithms for operations.

MP.7. Students begin to see that the numbers 0-9
can be represented with units only and that while
the same is true for larger numbers, they can use
bundles of ten units to represent them in a more
organized way. This leads to the recording of
numbers in the way that we do (e.g., 12 =10 + 2,
1 stick and 2 units).

Explanation and Examples

Task. The teacher has a spinner with the digits 0-9 on it.
Each student has a collection of base-ten block units and
rods (or “sticks”). The object of the task is for students

to use their base-ten blocks to represent numbers spun
by the teacher, add the resulting numbers, and then
represent the sum using the base-ten blocks, exchanging
10 units for a rod when appropriate. For example, the
teacher’s first spin is a 6. She asks the students to repre-
sent 6 on the left side of their desk (or a provided mat).
Then the teacher spins an 8, and students represent an 8
on the other side of their desk or mat. The teacher then
instructs students to add the number of units together.
Students will most likely combine the two piles and count
the resulting number of units: 14. The teacher should
then encourage students to exchange 10 units for a rod
to emphasize that the number 14 represents 1 ten and 4
ones (that is, “1 rod and 4 units”). This can be repeated
for several turns so that students represent larger num-
bers, adding and bundling more as the numbers increase.

Standards for Mathematical Content

1.0A.6A. Add and subtract within 20, demon-
strating fluency for addition and subtraction
within 10. Use strategies such as counting on;
making ten; decomposing a number leading to a
ten; using the relationship between addition and
subtraction; and creating equivalent but easier or
known sums.

1.NBT.2A. Understand that the two digits of a
two-digit number represent amounts of tens and
ones. Understand the following as special cases:

a. 10 can be thought of as a bundle of ten
ones—called a “ten.”

b. The numbers from 11 to 19 are composed
of a ten and one, two, three, four, five, six,
seven, eight, or nine ones.

c¢. The numbers 10, 20, 30, 40, 50, 60, 70, 80,
90, refer to one, two, three, four, five, six, sev-
en, eight, or nine tens (and 0 ones).

Extension

1.NBT.3A. Compare two two-digit numbers
based on meanings of the tens and ones digits,
recording the results of comparisons with the
symbols >, =, and <.

Possible Extensions

® Teachers could use spinners with different numbers
on them (e.g., 0-19), and students can represent the
numbers and compare them.

® Teachers can ask students to subtract the smaller
number from the larger number.

® Teachers can use a spinner with 0-9, and students
can count the indicated number of rods and name
the
number—for example, the teacher spins a 6, then the
students take out 6 rods and record and name the
resulting number (60).

® The first spin could represent the number of units,
and the second spin could represent the number of
sticks.

Classroom Connections. A firm foundation in under-
standing the base-ten structure of the number system is
essential for student success with operations, decimals,
proportional reasoning, and later algebra. Experiences
such as these give students ample practice in representing
and explaining why numbers are written the way they
are. Students can begin to associate mental images of why
numbers have the value that they do (e.g., why the num-
ber 20 is different from and larger than the number 2).
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Number and Operations in Base Ten 1.NBT

Use place-value understanding and properties of operations to add and subtract.

4. Add within 100, including adding a two-digit number and a one-digit number, and adding a two-digit
number and a multiple of 10, using concrete models or drawings and strategies based on place value,
properties of operations, and/or the relationship between addition and subtraction; relate the strategy
to a written method and explain the reasoning used. Understand that in adding two-digit numbers, one
adds tens and tens, ones and ones; and sometimes it is necessary to compose a ten.

5. Given a two-digit number, mentally find 10 more or 10 less than the number, without having to count;
explain the reasoning used.

6. Subtract multiples of 10 in the range 10-90 from multiples of 10 in the range 10—90 (positive or zero
differences), using concrete models or drawings and strategies based on place value, properties of opera-
tions, and/or the relationship between addition and subtraction; relate the strategy to a written method
and explain the reasoning used.

Students develop understandings and strategies to add within 100 using visual models to support
understanding (1.NBT.4A). In grade one, students focus on developing, discussing, and using efficient,
accurate, and generalizable methods to add within 100, and they subtract multiples of 10. Students
might also use strategies they invent that are not generalizable.

Focus, Coherence, and Rigor

Grade-one students develop understanding of addition and subtraction within 20
using various strategies (1.0A.6A4), and they generalize their methods to add within
100 using concrete models and drawings (1.NBT.4A). Reasoning about strategies and
selecting appropriate strategies are critical to developing conceptual understanding of
addition and subtraction in all situations (MP.1, MP.2, MP.3) [adapted from Charles A.
Dana Center 2012].

Students should be exposed to problems that are in and out of context and presented in horizontal and
vertical forms. Students solve problems using language associated with proper place value, and they
explain and justify their mathematical thinking (MP.2, MP.6, MP.7, MP.8).

Students use various strategies and models for addition. Students relate the strategy to a written
method and explain the reasoning used (MP.2, MP.7, MP.8).
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Examples: Models, Written Methods, and Other Addition Strategies 1.NBT4A

1. Solve 43 + 36. Students may total the tens and then the ones. Place-value blocks or other counters
: support understanding of how to record the written method:

43 36 43+36=(40+30)+(3+6)=70+9=79

THEIE ’o

Students circle like units in the drawings and represent the results numerically.

:2. Find the sum.
: 28 I
+ 34
28
Student thinks: “Counting the ones, I get 10 plus 2 more. | mark o® . 34
the ten with a little one. Adding the tens | had gives me 2 tens plus 3 tens, which is 52
5 tens. Finally, 5 tens plus 1 more ten is 6 tens, or 60, and 2 more makes 62.” 53
i3, Add 45 + 18. 45 + 18
: Student thinks: “Four (4) tens and 1 ten is 5 tens, which is 50. To add the ones, \></
| can make a ten by thinking of 5 as 3 + 2, then the 2 combines with the 8 to make 50 13

1 ten. So now I have 6 tens altogether, or 60, and 3 ones left—so the total is 63.”

i4. Add 29 + 14.

Student thinks: “Since 29 is 1 away from 30, I'll just think of it as 30. Since 30 + 14 = 44, | know that the
answer is 1 too many, so the answer is 43.”

Adapted from ADE 2010.

Grade-one students engage in mental calculations, such as mentally finding 10 more or 10 less than a
given two-digit number without counting by ones (1.NBT.54). Drawings and place-value cards can illus-
trate connections between place value and written numbers. Prior use of models (such as connecting
cubes, base-ten blocks, and hundreds charts) helps facilitate this understanding. It also helps students
see the pattern involved when adding or subtracting 10. For example:

® 10 more than 43 is 53 because 53 is 1 more ten than 43.

® 10 less than 43 is 33 because 33 is 1 ten less than 43.

Students may use interactive or electronic versions of models (base-ten blocks, hundreds charts, and so
forth) to develop conceptual understanding (adapted from ADE 2010).
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Grade-one students need opportunities to represent numbers that are multiples of 10 (e.g., 90) with
models or drawings and to subtract multiples of 10 (e.g., 20) using these representations or strategies
based on place value (1.NBT.54). These opportunities help develop fluency with addition and subtrac
tion facts and reinforce counting on and counting back by tens. As with single-digit numbers, counting
back is difficult—so initially, forward methods of counting on by tens should be emphasized rather
than counting back.

Domain: Measurement and Data

A critical area of instruction for grade-one students is to develop an understanding of linear measure-
ment and that lengths are measured by iterating length units.

Measurement and Data 1.MD

Measure lengths indirectly and by iterating length units.
1. Order three objects by length; compare the lengths of two objects indirectly by using a third object.

2. Express the length of an object as a whole number of length units, by laying multiple copies of a shorter
object (the length unit) end to end; understand that the length measurement of an object is the number
of same-size length units that span it with no gaps or overlaps. Limit to contexts where the object being
measured is spanned by a whole number of length units with no gaps or overlaps.

In grade one, students order three objects by length and compare the lengths of two objects indirectly
by using a third object (IMD.1A). Students indirectly compare the lengths of two objects by comparing
each to a benchmark object of intermediate length. This concept is referred to as transitivity.

To compare objects, students learn that length is measured from one endpoint to another endpoint.
They measure objects to determine which of two objects is longer, by physically aligning the objects.
Based on length, students might describe objects as taller, shorter, longer, or higher. If students use less
precise words such as bigger or smaller to describe a comparison, they should be encouraged to further
explain what they mean (MP.6, MP.7). If objects have more than one measurable length, students also
need to identify the length(s) they are measuring. For example, both the length and the width of an
object are measurements of lengths.

Examples: Comparing Lengths 1MD. 1A

Direct Comparisons. Students can place three items in order, according to length:

® Three students are ordered by height.

® Pencils, crayons, or markers are ordered by length.

® Towers built with cubes are ordered from shortest to tallest.

® Three students draw line segments and then order the segments from shortest to longest.

Indirect Comparisons. Students make clay “snakes.” Given a tower of cubes, each student compares his or her
i snake to the tower. Then students make statements such as, “My snake is longer than the cube tower, and
i your snake is shorter than the cube tower. So my snake is longer than your snake.”

 Adapted from ADE 2010.
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Students gain their first experience with measuring length as the iteration of a smaller, uniform length
called a length unit (1.MD.24). Students learn that measuring the length of an object in this way
requires placing length units (manipulatives of the same size) end to end without gaps or overlaps, and
then counting the number of units to determine the length. The University of Arizona’s Geometric
Measurement Progression recommends beginning with actual standard units (e.g., 1-inch cubes or
centimeter cubes, referred to as length units) to measure length (UA Progressions Documents 2012c).

In order to fully understand the subtlety of using non-standard units, students need to understand
relationships between units of measure, a concept that will appear in the curriculum in later grades.

Standard 1.MD.2A limits measurement to whole numbers of length, though not all objects will
measure to an exact whole unit. Students will need to adjust their answers because of this. For exam-
ple, if a pencil actually measures between 6 and 7 centimeter cubes long, the students could state the
pencil is “about [6 or 7] centimeter cubes long”; they would choose the closer of the two numbers. As
students measure objects (1.MD.1-24), they also reinforce counting skills and understandings that are
part of the major work at grade one in the Number and Operations in Base Ten domain.

Measurement and Data

Tell and write time.

3. Tell and write time in hours and half hours using analog and digital clocks.

Grade-one students understand several concepts related to telling time (1.MD.3), such as:

e Within a day, the hour hand goes around a clock twice (the hand moves only in one direction).
A day starts with both hands of the clock pointing up.

® When the hour hand of a clock points exactly to a number, the time is exactly on the hour.
® Time on the hour is written in the same manner as it appears on a digital clock.

® The hour hand on a clock moves as time passes, so when it is halfway between two numbers, it
is at the half hour.

® There are 60 minutes in one hour, so when the hour hand is halfway between two hours, 30
minutes have passed.

e A half hour is indicated in written form by using “30” after the colon.

Students need experiences exploring how to tell time in half hours and hours. For example, the clock at
left in the following illustration shows that the time is 8:30. The hour hand is between the 8 and 9, but
the hour is 8 since it is not yet on the 9.

Examples: Telling Time

{“ltis 4 o'clock because the hour

: “The hour hand is halfway :
: hand points to 4.”

between 8 o'clock and 9 o'clock.
(It is 8:30.”
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The idea that 30 minutes is “halfway” is a difficult concept for students because they have to choose
the hour that has passed. Understanding that two 30s make 60 is easy if students make drawings of
tens or think about 3 tens and 6 tens. Students can also explore the concept of half on a clock when
they work on standard 1.G.3, finding half of a circle (adapted from ADE 2010; KATM 2012, 1st Grade
Flipbook; and NCDPI 2013b).

Measurement and Data 1.MD
Represent and interpret data.

4. Organize, represent, and interpret data with up to three categories; ask and answer questions about the
total number of data points, how many in each category, and how many more or less are in one category
than in another.

Students can use graphs and charts to organize and represent data (1.MD.4) about things in their lives
(e.g., favorite colors, pets, shoe types, and so on).

Representing Data 1.MD.4 (MP.2, MP.4, MP.5)
: Tally Chart Picture Chart
Shoes We Wear Shoes We Wear
Shoes Tally Total S h.?

| W 5
= | 3
111 BELL 4

Charts may be constructed by groups of students as well as by individual students. These activities will
help prepare students for work in grade two when they draw picture graphs and bar graphs (adapted
from ADE 2010; GaDOE 2011; and KATM 2012, 1st Grade Flipbook).

When students collect, represent, and interpret data, they reinforce number sense and counting skills.
When students ask and answer questions about information in charts or graphs, they sort and compare
data. Students use addition and subtraction and comparative language and symbols to interpret graphs
and charts (MP.2, MP.3, MP.4, MP.5, MP.6).
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Focus, Coherence, and Rigor

When working in the cluster “Represent and interpret data,” students organize,
represent, and interpret data with up to three categories (1.MD.4). This work can also
connect to student work with geometric shapes (1.G.1) as students collect and sort
different shapes and pose and answer related questions—such as, How many triangles
are in the collection? How many rectangles are there? How many triangles and rectangles
are there? Which category has the most items? How many more? Which category has

the least? How many less? Students’ work with data also supports major work in the
cluster “Represent and solve problems involving addition and subtraction” as stu-
dents solve problems involving addition and subtraction with three whole numbers
(1.0A.1-24A).

Domain: Geometry

In grade one, a critical area of instruction is for students to reason about attributes of geometric shapes
and about composing and decomposing these shapes.

Geometry 1.G
Reason with shapes and their attributes.

1. Distinguish between defining attributes (e.g., triangles are closed and three-sided) versus non-defining
attributes (e.g., color, orientation, overall size); build and draw shapes to possess defining attributes.

2. Compose two-dimensional shapes (rectangles, squares, trapezoids, triangles, half-circles, and quarter-
circles) or three-dimensional shapes (cubes, right rectangular prisms, right circular cones, and right
circular cylinders) to create a composite shape, and compose new shapes from the composite shape.

3. Partition circles and rectangles into two and four equal shares, describe the shares using the words
halves, fourths, and quarters, and use the phrases half of, fourth of, and quarter of. Describe the whole as
two of, or four of the shares. Understand for these examples that decomposing into more equal shares
creates smaller shares.

Grade-one students describe and classify shapes by geometric attributes, and they explain why a shape
belongs to a given category (e.g., squares, triangles, circles, rectangles, rhombuses, hexagons, and
trapezoids). Students differentiate between defining attributes (e.g., “hexagons have six straight sides”)
and non-defining attributes such as color, overall size, and orientation (1.G.1) (MP.1, MP.3, MP.4, MP.7)
[adapted from UA Progressions Documents 2012c].

An attribute refers to any characteristic of a shape. Students learn to use attribute language to describe
two-dimensional shapes (e.g., number of sides, number of vertices/points, straight sides, closed fig-
ures). A student might describe a triangle as “right side up” or “red,” but students learn these are not
defining attributes because they are not relevant to whether a shape is a triangle or not.

3. Students do not need to learn formal names such as “right rectangular prism.”
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Examples: Using Attributes to Name Shapes 1.G.1

Teacher: “Which figure is a triangle? How do you know?”

Student: “I know that shape A has three sides and the
i shape is closed up, so it is a triangle. Shape B has too B
i many sides, and shape C has an opening, so it’s not C

i closed.”

Teacher: “Are both figures presented here squares? Explain how you

i know.”

Student: “I know that a square has 4 sides and that each side has the D
i same length. Even though figure E has a point facing down, it is still a

i square.”

Students are exposed to both regular and irregular shapes. In first grade, students use attribute lan-
guage to describe why the following shapes are not triangles.

L\

Students need opportunities to use appropriate language to describe a given three-dimensional shape
(e.g., number of faces, number of vertices/points, and number of edges). For example, a cylinder is a
three-dimensional shape that has two circular faces connected by a curved surface (which is not consid-
ered a face), but a grade-one student might say, “It looks like a can.” Teachers can support learning by
defining and using appropriate mathematical terms.

Students need opportunities to compare and contrast two- and three-dimensional figures using defin-
ing attributes. The following examples were adapted from ADE 2010:

e Students find two things that are the same and two things that are different between a rectangle
and a cube.

® Given a circle and a sphere, students identify the sphere as three-dimensional and both shapes as
round.

The ability to describe, use, and visualize the effect of composing and decomposing shapes is an im-
portant mathematical skill (1.G.2). It is not only relevant to geometry, but also to children’s ability to
compose and decompose numbers.

Students may use pattern blocks, plastic shapes, tangrams, or computer environments to make new
shapes. Teachers can provide students with cutouts of shapes and ask them to combine the cutouts to
make a particular shape. Composing with squares and rectangles and with pairs of right triangles that
make squares and rectangles is especially important for future geometric thinking.
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Students need experiences with different-sized circles and rectangles to recognize that when they cut
something into two equal pieces, each piece will equal one half of its original whole (1.G.3). Children
should recognize that the halves of two different wholes are not necessarily the same size. They should
also reason that decomposing equal shares into more equal shares results in smaller equal shares.

Focus, Coherence, and Rigor

As grade-one students partition circles and rectangles into two and four equal shares
and use related language (halves, fourths and quarters [1.G.3]), they build understand-
ing of part—-whole relationships and are introduced to fractional language. Fraction
notation will first be introduced in grade three.

Essential Learning for the Next Grade

In kindergarten through grade five, the focus is on the addition, subtraction, multiplication, and divi-
sion of whole numbers, fractions, and decimals, with a balance of concepts, skills, and problem solving.
Arithmetic is viewed as an important set of skills and also as a thinking subject that, done thoughtfully,
prepares students for algebra. Measurement and geometry develop alongside number and operations
and are tied specifically to arithmetic along the way.

In kindergarten through grade two, students focus on addition and subtraction and measurement
using whole numbers. To be prepared for grade-two mathematics, students should be able to demon-
strate that they have acquired particular mathematical concepts and procedural skills by the end of
grade one and have met the fluency expectations for the grade. For grade-one students, the expected
fluencies are to add and subtract within 10 (1.0A.64A). These fluencies and the conceptual understand-
ings that support them are foundational for work in later grades.

It is particularly important for students in grade one to attain the concepts, skills, and understandings
necessary to represent and solve problems involving addition and subtraction (1.0A.1-24); understand
and apply properties of operations and the relationship between addition and subtraction
(1.0A.3—4A4); add and subtract within 20 (1.0A.5-64); work with addition and subtraction equations
(1.0A.7-84); extend the counting sequence (1.NBT.14); understand place value and use place-value
understanding and properties of operations to add and subtract (1.NBT.2—-64); and measure lengths
indirectly and by iterating length units (1.MD.1-24A).

Place Value

By the end of grade one, students are expected to count to 120 (starting from any number), compare
whole numbers (at least to 100), and read and write numerals in the same range. Students need to
think of whole numbers between 10 and 100 in terms of tens and ones (especially recognizing the
numbers 11 to 19 as composed of a ten and some ones). Counting to 120 and reading and representing
these numbers with numerals will prepare students to count, read, and write numbers within 1000 in
grade two.
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Addition and Subtraction

By the end of grade one, students are expected to add and subtract within 20 and demonstrate fluency
with these operations within 10 (1.0A.64A). Students can represent and solve word problems involving
add-to, take-from, put-together, take-apart, and compare situations, including addend-unknown sit-
uations. They know how to apply properties of addition (associative and commutative) and strategies
based on these properties (e.g., “making tens”) to solve addition and subtraction problems. Students
use a variety of methods to add within 100, subtract multiples of 10 (using various strategies), and
mentally find 10 more or 10 less without counting. Students understand how to solve addition and
subtraction equations.

Addition and subtraction are major instructional foci for kindergarten through grade two. Students
who have met the grade-one standards for addition and subtraction will be prepared to meet the
grade-two standards of adding and subtracting within 1000 (using concrete models, drawings, and
strategies); fluently adding and subtracting within 100 (using various strategies) and within 20 (using
mental strategies); and knowing from memory all sums of two one-digit numbers.

Measurement of Lengths

By the end of grade one, students are expected to order three objects by length (using non-standard
units). Students indirectly measure objects, comparing the lengths of two objects by using a third
object as a measuring tool. Mastering grade-one measurement standards will prepare students to
measure and estimate lengths (in standard units) as required in grade two.
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California Common Core State Standards for Mathematics

Grade 1 Overview

Operations and Algebraic Thinking

e Represent and solve problems involving addition and
subtraction.

e Understand and apply properties of operations and
the relationship between addition and subtraction.

e Add and subtract within 20.
e Work with addition and subtraction equations.

Number and Operations in Base Ten
e Extend the counting sequence.
e Understand place value.

e Use place-value understanding and properties of oper-
ations to add and subtract.

Measurement and Data

e Measure lengths indirectly and by iterating length
units.

e Tell and write time.
e Represent and interpret data.

Geometry
e Reason with shapes and their attributes.

Mathematical Practices

1.

o

® N o o &~

Make sense of problems and persevere
in solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Look for and make use of structure.

Look for and express regularity in
repeated reasoning.
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n Grade 1

Operations and Algebraic Thinking 1.0A

Represent and solve problems involving addition and subtraction.

1.

Use addition and subtraction within 20 to solve word problems involving situations of adding to, taking from, putting
together, taking apart, and comparing, with unknowns in all positions, e.g., by using objects, drawings, and equa-
tions with a symbol for the unknown number to represent the problem.*

Solve word problems that call for addition of three whole numbers whose sum is less than or equal to 20, e.g., by
using objects, drawings, and equations with a symbol for the unknown number to represent the problem.

Understand and apply properties of operations and the relationship between addition and subtraction.

3.

Apply properties of operations as strategies to add and subtract.® Examples: If 8 + 3 = 11 is known, then 3 + 8 = 11
is also known. (Commutative property of addition.) To add 2 + 6 + 4, the second two numbers can be added to
make a ten, so 2 + 6 + 4 =2 + 10 = 12. (Associative property of addition.)

Understand subtraction as an unknown-addend problem. For example, subtract 10 - 8 by finding the number that
makes 10 when added to 8.

Add and subtract within 20.

5.
6.

Relate counting to addition and subtraction (e.g., by counting on 2 to add 2).

Add and subtract within 20, demonstrating fluency for addition and subtraction within 10. Use strategies such as
counting on; making ten (e.g., 8 +6=8+2 + 4 =10 + 4 = 14); decomposing a number leading to a ten (e.g.,
13-4=13-3-1=10-1=9); using the relationship between addition and subtraction (e.g., knowing that

8 +4 =12, one knows 12 - 8 = 4); and creating equivalent but easier or known sums (e.g., adding 6 + 7 by creating
the known equivalent6 + 6 + 1 =12 + 1 = 13).

Work with addition and subtraction equations.

7.

Understand the meaning of the equal sign, and determine if equations involving addition and subtraction are true or
false. For example, which of the following equations are true and which are false? 6 =6, 7=8-1,5+2=2+5,
4+1=5+2

Determine the unknown whole number in an addition or subtraction equation relating three whole numbers. For
example, determine the unknown number that makes the equation true in each of the equations 8 + ? = 11,
5=0-3,6+6=L011.

Number and Operations in Base Ten 1.NBT

Extend the counting sequence.

1. Count to 120, starting at any number less than 120. In this range, read and write numerals and represent a number of

objects with a written numeral.

4. See glossary, table GL-4.

5. Students need not use formal terms for these properties.
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Grade 1 n

2. Understand that the two digits of a two-digit number represent amounts of tens and ones. Understand the following
as special cases:

Understand place value.

a. 10 can be thought of as a bundle of ten ones—called a “ten.”

b. The numbers from 11 to 19 are composed of a ten and one, two, three, four, five, six, seven, eight, or nine ones.

c. The numbers 10, 20, 30, 40, 50, 60, 70, 80, 90 refer to one, two, three, four, five, six, seven, eight, or nine tens
(and O ones).

3. Compare two two-digit numbers based on meanings of the tens and ones digits, recording the results of compari-
sons with the symbols >, =, and <.

Use place-value understanding and properties of operations to add and subtract.

4. Add within 100, including adding a two-digit number and a one-digit number, and adding a two-digit number and
a multiple of 10, using concrete models or drawings and strategies based on place value, properties of operations,
and/or the relationship between addition and subtraction; relate the strategy to a written method and explain the
reasoning used. Understand that in adding two-digit numbers, one adds tens and tens, ones and ones; and some-
times it is necessary to compose a ten.

5. Given a two-digit number, mentally find 10 more or 10 less than the number, without having to count; explain the
reasoning used.

6. Subtract multiples of 10 in the range 10-90 from multiples of 10 in the range 10-90 (positive or zero differences),
using concrete models or drawings and strategies based on place value, properties of operations, and/or the rela-
tionship between addition and subtraction; relate the strategy to a written method and explain the reasoning used.

Measurement and Data 1.MD

Measure lengths indirectly and by iterating length units.

1. Order three objects by length; compare the lengths of two objects indirectly by using a third object.

2. Express the length of an object as a whole number of length units, by laying multiple copies of a shorter object
(the length unit) end to end; understand that the length measurement of an object is the number of same-size

length units that span it with no gaps or overlaps. Limit to contexts where the object being measured is spanned by
a whole number of length units with no gaps or overlaps.

Tell and write time.

3. Tell and write time in hours and half hours using analog and digital clocks.

Represent and interpret data.

4. Organize, represent, and interpret data with up to three categories; ask and answer questions about the total num-
ber of data points, how many in each category, and how many more or less are in one category than in another.
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n Grade 1

Geometry 1.G

Reason with shapes and their attributes.

1. Distinguish between defining attributes (e.g., triangles are closed and three-sided) versus non-defining attributes
(e.g., color, orientation, overall size); build and draw shapes to possess defining attributes.

2. Compose two-dimensional shapes (rectangles, squares, trapezoids, triangles, half-circles, and quarter-circles) or
three-dimensional shapes (cubes, right rectangular prisms, right circular cones, and right circular cylinders) to create
a composite shape, and compose new shapes from the composite shape.®

3. Partition circles and rectangles into two and four equal shares, describe the shares using the words halves, fourths,
and quarters, and use the phrases half of, fourth of, and quarter of. Describe the whole as two of, or four of the
shares. Understand for these examples that decomposing into more equal shares creates smaller shares.

6. Students do not need to learn formal names such as “right rectangular prism.”
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Grade Two

n grade two, students further build a mathematical

foundation that is critical to learning higher math-

ematics. In previous grades, students developed
a foundation for understanding place value, including
grouping in tens and ones. They built understanding of
whole numbers to 120 and developed strategies to add,
subtract, and compare numbers. They solved addition
and subtraction word problems within 20 and developed
fluency with these operations within 10. Students also
worked with non-standard measurement and reasoned
about attributes of geometric shapes (adapted from
Charles A. Dana Center 2012).

Critical Areas of Instruction

In grade two, instructional time should focus on four crit-
ical areas: (1) extending understanding of base-ten nota-
tion; (2) building fluency with addition and subtraction;
(3) using standard units of measure; and (4) describing
and analyzing shapes (National Governors Association
Center for Best Practices, Council of Chief State School
Officers [NGA/CCSSO] 2010i). Students also work
toward fluency with addition and subtraction within 20
using mental strategies and within 100 using strategies
based on place value, properties of operations, and the
relationship between addition and subtraction. They

know from memory all sums of two one-digit numbers.
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Standards for Mathematical Content

The Standards for Mathematical Content emphasize key content, skills, and practices at each
grade level and support three major principles:

® Focus—Instruction is focused on grade-level standards.

® Coherence—Instruction should be attentive to learning across grades and to linking major
topics within grades.

® Rigor—Instruction should develop conceptual understanding, procedural skill and fluency,
and application.

Grade-level examples of focus, coherence, and rigor are indicated throughout the chapter.

The standards do not give equal emphasis to all content for a particular grade level. Cluster
headings can be viewed as the most effective way to communicate the focus and coherence
of the standards. Some clusters of standards require a greater instructional emphasis than
others based on the depth of the ideas, the time needed to master those clusters, and their
importance to future mathematics or the later demands of preparing for college and careers.

Table 2-1 highlights the content emphases at the cluster level for the grade-two standards.
The bulk of instructional time should be given to “Major” clusters and the standards within
them, which are indicated throughout the text by a triangle symbol ( o ). However, stan-
dards in the “Additional/Supporting” clusters should not be neglected; to do so would result
in gaps in students’ learning, including skills and understandings they may need in later
grades. Instruction should reinforce topics in major clusters by using topics in the addition-
al/supporting clusters and including problems and activities that support natural connec-
tions between clusters.

Teachers and administrators alike should note that the standards are not topics to be
checked off after being covered in isolated units of instruction; rather, they provide content
to be developed throughout the school year through rich instructional experiences present-
ed in a coherent manner (adapted from Partnership for Assessment of Readiness for College
and Careers [PARC(] 2012).
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Table 2-1. Grade Two Cluster-Level Emphases

Operations and Algebraic Thinking 2.0A
Major Clusters

® Represent and solve problems involving addition and subtraction. (2.0A.1 A)
® Add and subtract within 20. (2.0A.2 A)

Additional/Supporting Clusters
e Work with equal groups of objects to gain foundations for multiplication. (2.0A.3-4)

Number and Operations in Base Ten 2.NBT
Major Clusters

® Understand place value. (2.NBT.1-4 A)
® Use place-value understanding and properties of operations to add and subtract.
(2.NBT.5-9 A)

Measurement and Data 2.MD
Major Clusters

® Measure and estimate lengths in standard units. (2.MD.1-4 A)
® Relate addition and subtraction to length. (2.MD.5-6 A)

Additional/Supporting Clusters
® Work with time and money. (2.MD.7—8)
® Represent and interpret data. (2.MD.9-10)

Geometry 2.G
Additional/Supporting Clusters
® Reason with shapes and their attributes. (2.6.1-3)

Explanations of Major and Additional/Supporting Cluster-Level Emphases

Major Clusters ( A ) — Areas of intensive focus where students need fluent understanding and application of the core
concepts. These clusters require greater emphasis than others based on the depth of the ideas, the time needed to
master them, and their importance to future mathematics or the demands of college and career readiness.

Additional Clusters — Expose students to other subjects; may not connect tightly or explicitly to the major work of the
grade.

Supporting Clusters — Designed to support and strengthen areas of major emphasis.

Note of caution: Neglecting material, whether it is found in the major or additional/supporting clusters, will leave gaps
in students’ skills and understanding and will leave students unprepared for the challenges they face in later grades.

Adapted from Achieve the Core 2012.
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Connecting Mathematical Practices and Content

The Standards for Mathematical Practice (MP) are developed throughout each grade and, together with
the content standards, prescribe that students experience mathematics as a rigorous, coherent, useful,
and logical subject. The MP standards represent a picture of what it looks like for students to under-
stand and do mathematics in the classroom and should be integrated into every mathematics lesson
for all students.

Although the description of the MP standards remains the same at all grade levels, the way these
standards look as students engage with and master new and more advanced mathematical ideas does
change. Table 2-2 presents examples of how the MP standards may be integrated into tasks appropriate
for students in grade two. (Refer to the Overview of the Standards Chapters for a description of the MP
standards.)

Table 2-2. Standards for Mathematical Practice—Explanation and Examples for Grade Two

Standards for

Mathematical Explanation and Examples

Practice

MP1 In grade two, students realize that doing mathematics involves reasoning about and solving

problems. Students explain to themselves the meaning of a problem and look for ways to
solve it. They may use concrete objects or pictures to help them conceptualize and solve
problems. They may check their thinking by asking themselves, “Does this make sense?”
They make conjectures about the solution and plan out a problem-solving approach.

Make sense of
problems and
persevere in

solving them.
MP.2 Younger students recognize that a number represents a specific quantity. They connect the
Reason quantity to written symbols. Quantitative reasoning entails creating a representation of a

roblem while attending to the meanings of the quantities.
abstractly and P 8 8 q

quantitatively. | Students represent situations by decontextualizing tasks into numbers and symbols. For
example, a task may be presented as follows: “There are 25 children in the cafeteria, and
they are joined by 17 more children. How many students are in the cafeteria?” Students
translate the situation into an equation (such as 25 + 17 = _) and then solve the problem.
Students also contextualize situations during the problem-solving process. To reinforce stu-
dents’ reasoning and understanding, teachers might ask, “How do you know?” or “What is
the relationship of the quantities?”

MP.3 Grade-two students may construct arguments using concrete referents, such as objects,
pictures, math drawings, and actions. They practice their mathematical communication
skills as they participate in mathematical discussions involving questions such as “How did
you get that?”, “Explain your thinking,” and “Why is that true?” They not only explain their

Construct via-
ble arguments

;?3 rcerallgg:iig own thinking, but also listen to others’ explanations. They decide if the explanations make
sense and ask appropriate questions.
of others. pprop q
Students critique the strategies and reasoning of their classmates. For example, to solve
74 — 18, students might use a variety of strategies and discuss and critique each other’s
reasoning and strategies.
MP.4 In early grades, students experiment with representing problem situations in multiple ways,
Model with including writing numbers, using words (mathematical language), drawing pictures, using

objects, acting out, making a chart or list, or creating equations. Students need opportuni-

mathematics. ties to connect the different representations and explain the connections.
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Table 2-2 (continued)

Standards for
Mathematical
Practice

Explanation and Examples

Students model real-life mathematical situations with an equation and check to make sure
that their equation accurately matches the problem context. They use concrete manipula-
tives or math drawings (or both) to explain the equation. They create an appropriate
problem situation from an equation. For example, students create a story problem for the
equation 43 +[1 = 82, such as “There were 43 mini-balls in the machine. Tom poured in
some more mini-balls. There are 82 mini-balls in the machine now. How many balls did
Tom pour in?” Students should be encouraged to answer questions, such as “What math
drawing or diagram could you make and label to represent the problem?” or “What are
some ways to represent the quantities?”

MP.5

Use appro-
priate tools
strategically.

In second grade, students consider the available tools (including estimation) when solving
a mathematical problem and decide when certain tools might be better suited than others.
For instance, grade-two students may decide to solve a problem by making a math drawing
rather than writing an equation.

Students may use tools such as snap cubes, place-value (base-ten) blocks, hundreds number
boards, number lines, rulers, virtual manipulatives, diagrams, and concrete geometric shapes
(e.g., pattern blocks, three-dimensional solids). Students understand which tools are the
most appropriate to use. For example, while measuring the length of the hallway, students
are able to explain why a yardstick is more appropriate to use than a ruler. Students should
be encouraged to answer questions such as, “Why was it helpfultouse ________?”

MP.6

Attend to
precision.

As children begin to develop their mathematical communication skills, they try to use clear
and precise language in their discussions with others and when they explain their own
reasoning.

Students communicate clearly, using grade-level-appropriate vocabulary accurately and
precise explanations and reasoning to explain their process and solutions. For example,
when measuring an object, students carefully line up the tool correctly to get an accurate
measurement. During tasks involving number sense, students consider if their answers are
reasonable and check their work to ensure the accuracy of solutions.

MP.7

Look for and

Grade-two students look for patterns and structures in the number system. For example,
students notice number patterns within the tens place as they connect counting by tens to
corresponding numbers on a hundreds chart. Students see structure in the base-ten number

nt1aket use of system as they understand that 10 ones equal a ten, and 10 tens equal a hundred. Teachers
structure. might ask, “What do you notice when _—_______?” or “How do you know if something is a
pattern?”
Students adopt mental math strategies based on patterns (making ten, fact families,
doubles). They use structure to understand subtraction as an unknown addend problem
(e.g., 50 —33 = _ can be written as 33 + _ = 50 and can be thought of as “How much
more do | need to add to 33 to get to 50?”).

MP.8 Second-grade students notice repetitive actions in counting and computation (e.g., number
Look f patterns to count by tens or hundreds). Students continually check for the reasonableness of
03 or their solutions during and after completion of a task by asking themselves, “Does this make
an Iexptre§s sense?” Students should be encouraged to answer questions—such as “What is happening in
::f)leja%[reldy n this situation?” or “What predictions or generalizations can this pattern support?”

reasoning.

Adapted from Arizona Department of Education (ADE) 2010 and North Carolina Department of Public Instruction (NCDPI) 2013b.
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Standards-Based Learning at Grade Two

The following narrative is organized by the domains in the Standards for Mathematical Content and
highlights some necessary foundational skills from previous grade levels. It also provides exemplars to
explain the content standards, highlight connections to Standards for Mathematical Practice (MP), and
demonstrate the importance of developing conceptual understanding, procedural skill and fluency, and
application. A triangle symbol ( A ) indicates standards in the major clusters (see table 2-1).

Domain: Operations and Algebraic Thinking

In grade one, students solved addition and subtraction word problems within 20 and developed fluency
with these operations within 10. A critical area of instruction in grade two is building fluency with ad-
dition and subtraction. Second-grade students fluently add and subtract within 20 and solve addition
and subtraction word problems involving unknown quantities in all positions within 100. Grade-two
students also work with equal groups of objects to gain the foundations for multiplication.

Operations and Algebraic Thinking

Represent and solve problems involving addition and subtraction.

1. Use addition and subtraction within 100 to solve one- and two-step word problems involving situations
of adding to, taking from, putting together, taking apart, and comparing, with unknowns in all positions,
e.g., by using drawings and equations with a symbol for the unknown number to represent the problem.

In grade two, students add and subtract numbers within 100 in the context of one- and two-step word
problems (2.0A.14). By second grade, students have worked with various problem situations (add to,
take from, put together, take apart, and compare) with unknowns in all positions (result unknown,
change unknown, and start unknown). Grade-two students extend their work with addition and sub-
traction word problems in two significant ways:

e They represent and solve problems of all types involving addition and subtraction within 100,
building upon their previous work within 20.

e They represent and solve two-step word problems of all types, extending their work with one-step
word problems (adapted from ADE 2010; NCDPI 2013b; Georgia Department of Education [GaDOE]
2011; and Kansas Association of Teachers of Mathematics [KATM] 2012, 2nd Grade Flipbook).

Different types of addition and subtraction problems are presented in table 2-3.
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Table 2-3. Types of Addition and Subtraction Problems (Grade Two)

2+23=0

Result Unknown

- Bill had 25 baseball cards. His
i mom gave him some more.

: There are 22 marbles in a

: bag. Thomas placed 23 more
marbles in the bag. How many
: marbles are in the bag now?  : How many baseball cards did

 his mom give him?

£ In this problem, the starting

{ quantity is provided (25 base-
ball cards), a second quantity
:is added to that amount (some
i baseball cards), and the result
quantity is given (73 baseball

i cards). This question type is

i more algebraic and challeng-

: ing than a “result unknown”

: problem and can be modeled
i by a situational equation

: (25 +[0= 73) that does not
immediately lead to the

i answer. Students can write a
 related equation

(73 - 25 = O)—called a solu-
i tion equation—to solve the

: problem.

: she has 22 stickers. How many
: stickers did she give away?

{ This question may be mod-
eled by a situational equation
£ (51 -0 = 22) or a solution

i equation (51 —22 = [1). Both
: the “take from” and “add to”

i questions involve actions.

Add to

There were 45 apples on the
 table. I took 12 of those apples
. and placed them in the refrig-
: erator. How many apples are
: on the table now?
45-12=0

Take

from

Change Unknown

Now he has 73 baseball cards.

: Andrea had 51 stickers. She

gave away some stickers. Now

Some children were playing on
i the playground, and 5 more

: children joined them. Then

i there were 22 children. How

i many children were playing

: before?

This problem can be repre-
i sented by L1+ 5 =22. The

t difficult for students to model
because the initial quantity is
i unknown, and therefore some
i students do not know how to
start a solution strategy. They
: can make a drawing, where it
Lis crucial that they realize that
‘ the 5 is part of the 22 total

: children. This leads to more

i general solutions by subtract-
: ing the known addend or
counting/adding on from the

i known addend to the total.

: Some children were lining

i up for lunch. After 4 children
 left, there were 26 children

: still waiting in line. How many
i children were there before?

: This problem can be modeled
i by [0 — 4 = 26. Similar to the

i previous “add to (with start

: unknown)” problem, “take

: from (with start unknown)”

i problems require a high level

: of conceptual understanding.
Students need to understand

: that the total is first in a sub-
 traction equation and that this
total is broken apart into the 4
: and the 26.

Start Unknown

“start unknown” problems are
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Table 2-3 (continued)

Put
together/
Take apart

Total Unknown

i There are 30 red apples and
20 green apples on the table.
i How many apples are on the
i table?

130+20=7

Roger puts 24 applesin a

and the rest are green. How
i many are green?”

Addend Unknown

fruit basket. Nine (9) are red

 There is no direct or implied
i action. The problem involves
f a set and its subsets. It may
be modeled by 24 —9 =[]
ior9 + [0 = 24. This type of
i problem provides students
: with opportunities to

i understand subtraction

i as an unknown-addend

: problem.

Both Addends
Unknown

i Grandma has 5 flowers. How
i many can she put in her red
i vase and how many in her

i blue vase?

5=0+55=5+0

5=1+4,5=4+1
15=2+3,5=3+2

Compare

Difference Unknown

: Pat has 19 peaches. Lynda

: has 14 peaches. How many

i more peaches does Pat have
: than Lynda?

! (“More” version): Theo has
£ 23 action figures. Rosa has
i 2 more action figures than
{ Theo. How many action

5 . i ?
: “Compare” problems involve figures does Rosa have

: relationships between quan-
: tities. Although most adults
. might use subtraction to

- solve this type of problem

: (19— 14 = [OJ), students will

: often solve this problem as
an unknown-addend prob-

i lem (14 + [ = 19) by using
: a counting-up or matching

: strategy. In all mathemat-
 ical problem solving, what

: matters is the explanation

: a student gives to relate a

: representation to a con- 5
| text—not the representation
. separated from its context.

This problem can be mod-
§eled by23 +2=1[1.

: (“Fewer” version): Lucy has
i 28 apples. She has 2 fewer

i apples than Marcus. How
many apples does Marcus

i have?

: This problem can be mod-
ieled as 28 + 2 =[1. The

i misleading language form
“fewer” may lead students to
i choose the wrong operation. :

Bigger Unknown

Smaller Unknown

! (“More” version): David

i has 27 more bunnies than
i Keisha. David has 28 bun-
! nies. How many bunnies

i does Keisha have?

: This problem can be mod-
i eled by 28 —27 = [1. The
i misleading language form
: “more” may lead students to
i choose the wrong operation.

(“Fewer” version): Bill has

i 24 stamps. Lisa has 2 fewer
i stamps than Bill. How many
i stamps does Lisa have?

 This problem can be

modeled as 24 —2 = .

Note: Further examples are provided in table GL-4 of the glossary.
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For these more complex grade-two problems, it is important for students to represent the problem
situations with drawings and equations (2.0A.14). Drawings can be shown more easily to the whole
class during explanations and can be related to equations. Students can also use manipulatives (e.g.,
snap cubes, place-value blocks), but drawing quantities is an exercise that can be used anywhere to
solve problems and support students in describing
their strategies. Second-grade students represent
problems with equations and use boxes, blanks, or
pictures for the unknown amount. For example,
students can represent “compare” problems using
comparison bars (see figure 2-1). Students can draw
these bars, fill in numbers from the problem, and Josh 10
label the bars.

Figure 2-1. Comparison Bars

Josh has 10 markers, and Ani has 4 markers. How
many more markers does Josh have than Ani?

—

One-step word problems use one operation.
Two-step word problems (2.0A.1A) are new for
p p ( ) Ani 4
second-graders and require students to complete
two operations, which may include the same

operation or different operations.

Initially, two-step problems should not involve the most difficult subtypes of problems (e.g., “compare”
and “start unknown” problems) and should be limited to single-digit addends. There are many
problem-situation subtypes and various ways to combine such subtypes to devise two-step problems.
Introducing easier problems first will provide support for second-grade students who are still develop-
ing proficiency with “compare” and “start unknown” problems (adapted from the University of Arizona
[UA] Progressions Documents for the Common Core Math Standards 2011a).

The following table presents examples of easy and moderately difficult two-step word problems that
would be appropriate for grade-two students.

One-Step Word Problem Two-Step Word Problem Two-Step Word Problem
One Operation Two Operations, Same Two Operations, Opposite
There are 15 stickers on the page. : There are 9 blue marbles and 6 red : There are 39 peas on the plate.

i Brittany put some more stickers marbles in the bag. Maria put in 8 : Carlos ate 25 peas. Mother put 7
on the page and now there are 22. i more marbles. How many marbles : more peas on the plate. How many
How many stickers did Brittany put : are in the bag now? peas are on the plate now?

th ?
on the page 9+6+8=0Uor 39-25+7=0or
15+ 0=22 or 9+6)+8=0 (39-25)+7=0

22-15=1[1

Adapted from NCDPI 2013b.

Grade-two students use a range of methods, often mastering more complex strategies such as making
tens and doubles and near doubles that were introduced in grade one for problems involving single-
digit addition and subtraction. Second-grade students also begin to apply their understanding of place
value to solve problems, as shown in the following example.

Grade Two (127




One-Step Problem: Some students are in the cafeteria. Twenty-four (24) more students came in. Now there
are 60 students in the cafeteria. How many students were in the cafeteria to start with? Use drawings and
equations to show your thinking.

Student A: | read the problem and thought about how to write

it with numbers. | thought, “What and 24 makes 60?” | used

a math drawing to solve it. | started with 24. Then | added tens o 000 o
until | got close to 60; | added 3 tens. | stopped at 54. Then

I added 6 more ones to get to 60. So, 10 + 10 + 10 + 6 = 36. o o oo o
So, there were 36 students in the cafeteria to start with.
)

My equation for the problem is (1 + 24 = 60. (MP.2, MP.7, MP.8

Student B: | read the problem and thought
about how to write it with numbers. | thought,
“There are 60 total. | know about the 24. So,
what is 60 — 24?” | used place-value blocks
to solve it. | started with 60 and took 2 tens
away. | needed to take 4 more away. So,

| broke up a ten into 10 ones. Then | took

4 away. That left me with 36. So, 36 students
were in the cafeteria at the beginning.

60 — 24 = 36. My equation for the problem
is 60 —24 = 1. (MP.2, MP.4, MP.5, MP.6)

Adapted from ADE 2010, NCDPI 2013b, GaDOE 2011, and KATM 2012 (2nd Grade Flipbook).

As students solve addition and subtraction word problems, they use concrete manipulatives, pictorial
representations, and mental mathematics to make sense of a problem (MP.1); they reason abstractly
and quantitatively as they translate word problem situations into equations (MP.2); and they model
with mathematics (MP4).

Table 2-4 presents a sample classroom activity that connects the Standards for Mathematical Content
and Standards for Mathematical Practice.
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Table 2-4. Connecting to the Standards for Mathematical Practice—Grade Two

Standards Addressed

Connections to Standards for
Mathematical Practice

MP.1. Students are challenged to think
through how they would solve a poten-
tially unfamiliar problem situation and
to devise a strategy. The teacher can
assess each student’s starting point and
move him or her forward from there.

MP.3. When students are asked to
explain to their peers how they solved
the problems, they are essentially con-
structing a mathematical argument that
justifies that they have performed the
addition or subtraction correctly.

MP.7. When students begin exchanging
sticks and units to represent grouping
and breaking apart tens and ones, they
are making use of the structure of the
base-ten number system to understand
addition and subtraction.

Standards for Mathematical Content

2.0A.1. Use addition and subtraction
within 100 to solve one- and two-step
word problems involving situations of
adding to, taking from, putting togeth-
er, taking apart, and comparing, with
unknowns in all positions, e.g. by using
drawings and equations with a symbol
for the unknown number to represent
the problem.

2.NBT.5. Fluently add and subtract
within 100 using strategies based on
place value, properties of operations,
and/or the relationship between addi-
tion and subtraction.

Explanation and Examples

Task: Base-Ten Block Activities. This is a two-tiered approach to
problem solving with basic operations within 100. The first task
involves students seeing various strategies for adding two-digit
numbers using base-ten blocks. The second is an extension that
builds facility in adding and subtracting such numbers.

1. The teacher should present several problem situations that
involve addition and subtraction in which students can use
base-ten blocks to model their solution strategies. Such solu-
tions are made public through an overhead display or by the
teacher rephrasing and demonstrating student solutions. Four
sample problems are provided below:

® Micah had 24 marbles. Sheila had 15. Micah and Sheila de-
cided to put all of their marbles in a box. How many marbles
were there altogether? (This is an addition problem that
does not require bundling ones into a ten.)

® There were 28 boys and 35 girls on the playground at recess.
How many children were there on the playground at recess?
(This is an addition problem that requires bundling.)

® There were 48 cows on a pasture. Seventeen (17) of the cows
went into the barn. How many cows are left on the pasture?
(This is a subtraction problem that does not require ex-
changing a ten for ones.)

® There were 54 erasers in a basket. Twenty-six (26) students
were allowed to take one eraser each. How many erasers
are left over after the children have taken theirs? (This is a
subtraction problem involving the exchange of a ten for 10
ones.)

2. Next, the teacher can play a game that reinforces understand-
ing of addition, subtraction, and skill in doing addition and
subtraction. Each student takes out base-ten blocks to rep-
resent a given number—for example, 45. The teacher then
asks students how many more blocks are needed to make 80.
Students represent the difference with base-ten blocks and
justify how they know their answers are correct. The teacher
can ask several variations of this same basic question; the task
can be used repeatedly throughout the school year to reinforce
concepts of operations.

Classroom Connections. When students are given the opportunity
to construct their own strategies for adding and subtracting num-
bers, they reinforce their understanding of place value and the
base-ten number system. Activities such as those presented here
help build this foundation in context and through modeling num-
bers with objects (e.g., with base-ten blocks).
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To solve word problems, students learn to apply various computational methods. Kindergarten students
generally use Level 1 methods, and students in first and second grade use Level 2 and Level 3 methods.
The three levels are summarized in table 2-5 and explained more thoroughly in appendix C.

Table 2-5. Methods Used for Solving Single-Digit Addition and
Subtraction Problems

Level 1: Direct Modeling by Counting All or Taking Away

Represent the situation or numerical problem with groups of objects, a drawing, or
i fingers. Model the situation by composing two addend groups or decomposing a total
i group. Count the resulting total or addend.

 Level 2: Counting On

: Embed an addend within the total (the addend is perceived simultaneously as an ad-
i dend and as part of the total). Count this total, but abbreviate the counting by omitting :
i the count of this addend; instead, begin with the number word of this addend. The :
count is tracked and monitored in some way (e.g., with fingers, objects, mental images

i of objects, body motions, or other count words).

For addition, the count is stopped when the amount of the remaining addend has been
i counted. The last number word is the total. For subtraction, the count is stopped when

i the total occurs in the count. The tracking method indicates the difference (seen as the

: unknown addend).

Level 3: Converting to an Easier Equivalent Problem
Decompose an addend and compose a part with another addend.

Adapted from UA Progressions Documents 2011a.

In grade two, students extend their fluency with addition and subtraction from within 10 to within 20
(2.0A.24). The experiences students have had with addition and subtraction in kindergarten (within 5)
and grade one (within 10) culminate in grade-two students becoming fluent in single-digit additions
and related subtractions, using Level 2 and Level 3 methods and strategies as needed.

Operations and Algebraic Thinking
Add and subtract within 20.

2. Fluently add and subtract within 20 using mental strategies.? By end of Grade 2, know from memory all
sums of two one-digit numbers.

Students may still need to support the development of their fluency with math drawings when solving
problems. Math drawings represent the number of objects counted (using dots and sticks) and do not
need to represent the context of the problem. Thinking about numbers by using 10-frames or making
drawings using groups of fives and tens may be helpful ways to understand single-digit additions and
subtractions. The National Council of Teachers of Mathematics Illuminations project (NCTM Illlumi-
nations 2013a) offers examples of interactive games that students can play to develop counting and
addition skills.

2. See Standard 1.0A.6 for a list of mental strategies.
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FLUENCY

California’s Common Core State Standards for Mathematics (K—6) set expectations for fluency in computation
(e.g., “Fluently add and subtract within 20 . . .”) [2.0A.24]. Such standards are culminations of progressions of
learning, often spanning several grades, involving conceptual understanding, thoughtful practice, and extra
support where necessary. The word fluent is used in the standards to mean “reasonably fast and accurate”
and possessing the ability to use certain facts and procedures with enough facility that using such knowledge
does not slow down or derail the problem solver as he or she works on more complex problems. Procedural
fluency requires skill in carrying out procedures flexibly, accurately, efficiently, and appropriately. Developing
fluency in each grade may involve a mixture of knowing some answers, knowing some answers from patterns,
and knowing some answers through the use of strategies.

Adapted from UA Progressions Documents 2011a.

Mental strategies, such as those listed in table 2-6, help students develop fluency in adding and sub-
tracting within 20 as they make sense of number relationships. Table 2-6 presents the mental strategies
listed with standard 1.0A.6 as well as two additional strategies.

Table 2-6. Mental Strategies

Counting on

Makingtens (9 +7=[9+ 1] +6 =10 + 6)

Decomposing a number leadingtoaten (14-6=14-4-2=10-2 = 8)
Related facts (8 + 5=13and 13-8 =5)

Doubles (1 + 1,2+ 2,3 + 3, and so on)

Doubles plusone (7+8=7+7+1)

Relationship between addition and subtraction (e.g., by knowing that 8 + 4 = 12,
one also knows that 12 — 8 = 4)

® Equivalent but easier or known sums (e.g., adding 6 + 7 by creating the known
: equivalent6+6+1=12+1=13)

Adapted from NCDPI 2013b.

Grade-two students build important foundations for multiplication as they explore odd and even num-
bers in a variety of ways (2.0A.3). They use concrete objects (e.g., counters or place-value cubes) and
move toward pictorial representations such as circles or arrays (MP.1). Through investigations, students
realize that an even number of objects can be separated into two equal groups (without extra objects
remaining), while an odd number of objects will have one object remaining (MP.7 and MP.8).

Operations and Algebraic Thinking

Work with equal groups of objects to gain foundations for multiplication.

3. Determine whether a group of objects (up to 20) has an odd or even number of members, e.g., by pairing

objects or counting them by 2s; write an equation to express an even number as a sum of two equal
addends.

4. Use addition to find the total number of objects arranged in rectangular arrays with up to 5 rows and up
to 5 columns; write an equation to express the total as a sum of equal addends.
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Students also apply their work with doubles addition facts and decomposition of numbers (breaking
them apart) into two equal addends (e.g., 10 = 5 + 5) to understand the concept of even numbers.
Students reinforce this concept as they write equations representing sums of two equal addends, such
as2+2=4,3+3=6,5+5=10,6+ 6 =12, or 8 + 8 = 16. Students are encouraged to explain how
they determined if a number is odd or even and what strategies they used (MP.3).

With standard 2.0A.4, second-grade students use rectangular arrays to work with repeated addition—
a building block for multiplication in grade three—using concrete objects (e.g., counters, buttons,
square tiles) as well as pictorial representations on grid paper or other drawings of arrays (MP.1). Using
the commutative property of multiplication,

students add either the rows or the columns @ @ @ @ @
and arrive at the same solution (MP.2). Students @ @ @ @

write equations that represent the total as @ @ @ @ @
the sum of equal addends, as shown in the @ @ @ @ @ @ @ @ @

examples at right. @ @ @ @ @ @ @ @ @

The first example helps students to understand 4+4+4=12
that 3 X 4 =4 x 3; the second example sup- 3+3+3+3=12
ports the fact that 4 X 5 =5 x 4 (ADE 2010).

5+5+5+5=20
4+4+4+4+4=20

Focus, Coherence, and Rigor

In the cluster “Work with equal groups of objects to gain foundations for multiplica-
tion,” student work reinforces addition skills and understandings and is connected

to work in the major clusters “Represent and solve problems involving addition and
subtraction” (2.0A.14) and “Add and subtract within 20” (2.0A.24). Also, as students
work with odd and even groups (2.0A.3) they build a conceptual understanding of
equal groups, which supports their introduction to multiplication and division in
grade three.

Domain: Number and Operations in Base Ten

In grade one, students viewed two-digit numbers as amounts of tens and ones. A critical area of
instruction in grade two is to extend students’ understanding of base-ten notation to include hundreds.
Second-grade students understand multi-digit numbers (up to 1000). They add and subtract within
1000 and become fluent with addition and subtraction within 100 using place-value strategies (UA
Progressions Documents 2012b).
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Number and Operations in Base Ten

Understand place value.

1. Understand that the three digits of a three-digit number represent amounts of hundreds, tens, and ones;
e.g., 706 equals 7 hundreds, 0 tens, and 6 ones. Understand the following as special cases:

a. 100 can be thought of as a bundle of 10 tens—called a “hundred.”

b. The numbers 100, 200, 300, 400, 500, 600, 700, 800, 900 refer to one, two, three, four, five, six,
seven, eight, or nine hundreds (and 0 tens and 0 ones).

2. Count within 1000; skip-count by 2s, 5s, 10s, and 100s. CA

Read and write numbers to 1000 using base-ten numerals, number names, and expanded form.

Compare two three-digit numbers based on meanings of the hundreds, tens, and ones digits,
using >, =, and < symbols to record the results of comparisons.

Second-grade students build on their previous work with groups of tens to make bundles of hundreds,
with or without leftovers, using base-ten blocks, cubes in towers of 10, 10-frames, and so forth, as well
as math drawings that initially show the 10 tens within 1 hundred, but then move to a quick-hundred
version that is a drawn square in which students visualize 10 tens; see figure 2-2 for examples. Bundling
hundreds will support students’ discovery of place-value patterns (MP.7). Students explore the idea that
numbers such as 100, 200, 300, and so on are groups of hundreds that have “0” in the tens and ones
places. Students might represent numbers using place-value (base-ten) blocks or math drawings (MP.1).

Figure 2-2. Recognizing 10 Tens as 1 Hundred

Using Base-Ten Blocks 2.NBT.1A

These have the same value: Six (6) hundreds is the same as 600:

Using Math Drawings

When | bundle 10 “ten-sticks,” | get 1 “hundred The picture shows 3 hundreds, or 300.

square.”
-

Adapted from KATM 2012 (2nd Grade Flipbook).
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As students represent various numbers, they associate number names with number quantities (MP.2).
For example, 243 can be expressed as both “2 groups of hundred, 4 groups of ten, and 3 ones” and
“24 tens and 3 ones.” Students can read number names as well as place-value concepts to say a num-
ber. For example, 243 should be read as “two hundred forty-three” as well as “2 hundreds, 4 tens, and
3 ones.” Flexibility with seeing a number like 240 as “2 hundreds and 4 tens” as well as “24 tens” is an
important indicator of place-value understanding (KATM 2012, 2nd Grade Flipbook).

In kindergarten, students were introduced to counting by tens. In second grade they extend this to
skip-count by twos, fives, tens, and hundreds (2.NBT.24). Exploring number patterns can help students
skip-count. For example, when skip-counting by fives, the ones digit alternates between 5 and 0, and
when skip-counting by tens and hundreds, only the tens and hundreds digits change, increasing by one
each time. In this way, skip-counting can reinforce students’ understanding of place value. Work with
skip-counting lays a foundation for multiplication; however, because students do not keep track of the
number of groups they have counted, they are not yet learning true multiplication. The ultimate goal is
for grade-two students to count in multiple ways without visual support.

Focus, Coherence, and Rigor

As students explore number patterns by skip-counting, they also develop mathemat-
ical practices such as understanding the meaning of written quantities (MP.2) and
recognizing number patterns and structures in the number system (MP.7).

Grade-two students need opportunities to read and represent numerals in various ways (2.NBT.34). An
example adapted from KATM (2012, 2nd Grade Flipbook) illustrates different ways for second-graders to
represent numerals:

® Standard form (e.g., 637)

Base-ten numerals in standard form (e.g., 6 hundreds, 3 tens, and 7 ones)

Number names in word form (e.g., six hundred thirty-seven)

Expanded form (e.g., 600 + 30 + 7)

Equivalent representations (e.g., 500 + 130 + 7; 600 + 20 + 17; 30 + 600 + 7)

When students read the expanded form for a number, they might say “6 hundreds plus 3 tens plus
7 ones” or “600 plus 30 plus 77 Understanding the expanded form is valuable when students use
place-value strategies to add and subtract large numbers (see also 2.NBT.7).

Second-grade students use the symbols for greater than (>), less than (<), and equal to (=) to compare
numbers within 1000 (2.NBT.4A). Students build on work in standards (2.NBT.1A and 2.NBT.34A) by
examining the amounts of hundreds, tens, and ones in each number. To compare numbers, students
apply their understanding of place value. The goal is for students to understand that they look at the
numerals in the hundreds place first, then the tens place, and if necessary, the ones place. Students
should have experience communicating their comparisons in words before using only symbols to
indicate greater than, less than, and equal to.
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Example: Compare 452 and 455. 2.NBT4A

Student 1 explains that 452 has 4 hundreds, 5 tens, and 2 ones and that 455 has 4 hundreds, 5 tens, and
5 ones. “They have the same number of hundreds and the same number of tens, but 455 has 5 ones and 452
only has 2 ones. So, 452 is less than 455, or 452 < 455.”

Student 2 might think that 452 is less than 455. “I know this because when | count up, | say 452 before | say
i 455,

Adapted from KATM 2012 (2nd Grade Flipbook).

As students compare numbers, they also develop mathematical practices such as making sense of
quantities (MP.2), understanding the meaning of symbols (MP.6), and making use of number patterns
and structures in the number system (MP.7).

Number and Operations in Base Ten 2.NBT

Use place-value understanding and properties of operations to add and subtract.
5. Fluently add and subtract within 100 using strategies based on place value, properties of operations,
and/or the relationship between addition and subtraction.

6. Add up to four two-digit numbers using strategies based on place value and properties of operations.

7. Add and subtract within 1000, using concrete models or drawings and strategies based on place value,
properties of operations, and/or the relationship between addition and subtraction; relate the strategy to
a written method. Understand that in adding or subtracting three-digit numbers, one adds or subtracts
hundreds and hundreds, tens and tens, ones and ones; and sometimes it is necessary to compose or
decompose tens or hundreds.

7.1 Use estimation strategies to make reasonable estimates in problem solving. CA

8. Mentally add 10 or 100 to a given number 100-900, and mentally subtract 10 or 100 from a given
number 100-900.

9. Explain why addition and subtraction strategies work, using place value and the properties of operations.?

Place-value understanding is central to multi-digit computations. In grade two, students develop,
discuss, and later use efficient, accurate, and generalizable methods to compute sums and differences
of whole numbers in base-ten notation. While students become fluent in such methods within 100 at
grade two, they also use these methods for sums and differences within 1000 (2.NBT.5-7A).

General written methods for numbers within 1000 are discussed in the chapter first, as these strategies
are merely extensions of those for numbers within 100. Of course, all methods for adding and subtract-
ing two- and three-digit numbers should be based on place value and should be learned by students
with an emphasis on understanding. Math drawings can support student understanding, and as stu-
dents become familiar with math drawings, these drawings should accompany written methods.

3. Explanations may be supported by drawings or objects.
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Written methods for recording addition and subtraction are based on two important features of
the base-ten number system:

e When numbers are added or subtracted in the base-ten system, like units are added or subtracted
(e.g., ones are added to ones, tens to tens, hundreds to hundreds).

e Adding and subtracting multi-digit numbers written in base-ten can be facilitated by composing
and decomposing units appropriately, so as to reduce the calculations to adding and subtracting
within 20 (e.g., 10 ones make 1 ten, 100 ones make 1 hundred, 1 hundred makes 10 tens).

Addition

Figure 2-3 presents two written methods for addition, with accompanying illustrations (base-ten blocks
can also be used to illustrate). Students initially work with math drawings or manipulatives alongside
the written methods, but they will eventually use written methods exclusively, mentally constructing
pictures as necessary and using other strategies. Teachers should note the importance of these written
methods as students generalize to larger numbers and decimals and emphasize the regrouping nature
of combining units. These two methods are given only as examples and are not meant to represent all
such place-value methods.

Figure 2-3. Addition Methods Supported with Math Drawings

 Examples 2.NBT.7

éAddition Method 1: In this written addition method,

gall partial sums are recorded underneath the addition l ’” ““ ]
i bar. Addition is performed from left to right in this
i example, but students can also work from right to left. 000 0o°
In the accompanying drawing, it is clear that hundreds eo° @
are added to hundreds, tens to tens, and ones to ones,
which are eventually grouped into larger units where D D , 000
possible to represent the total, 623. D ’
4 5 6 4 5 6 4 5 6 4 5 6
+ 1 6 7 + 1 6 7 + 1 6 7 + 1 6 7
5 0 0 5 0 0 5 0 0
11 0 11 0
1 3
6 2 3
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Figure 2-3. (continued)

 Examples 2.NBT.7

below the addends from which they were derived, to the right to indicate that they are represented as a
larger, newly composed unit. The addition proceeds right to left. The advantage to placing the composed
units as shown is that it is clearer where

they came from—e.g., the 1 and 3 that came
from the sum of the ones-place digits (6 + 7)
are close to each other. This eliminates

: confusion that can arise from traditional
methods involving “carrying,”which tends

to separate the two digits that came from 13
and obscure the meaning of the numbers.

4 5 0o 4 5 o6 4 5 6 4 5 6
+ 1 6 7 + 1 6 7 + 1 6 7 + 1 6 7
1 1 1 1 1
3 2 3 6 2 3
Add the ones, 6 + 7, Add the tens,5+ 6 +1,  Add the hundreds,
and record these as 13, and record these 12tens 4 + 1+ 1, and record
with 3 in the ones place  with 2 in the tens place these 6 hundreds in
and a 1 underneath the and 1 under the the hundreds column.
tens column. hundreds column.

Adapted from Fuson and Beckmann 2013 and UA Progressions Documents 2012b.

Subtraction

In grade one, students were not expected to compute differences of two-digit numbers other than
multiples of 10. In grade two, students subtract two-digit numbers, with and without decomposing,
which highlights the similarity between these two cases.

Figure 2-4 presents two methods for subtraction, one where all decomposing is done first, the other
where decomposing is done as needed. Students will encounter situations in which they “don’t have
enough” to subtract. This is more precise than saying, “You can’t subtract a larger number from a
smaller number,” or the like, as the latter assertion is a false mathematical statement. In later grades,
students will subtract larger numbers from smaller ones, and that will result in negative numbers as
answers (for example, 9 — 15 = -6).

Note that the accompanying illustrations show the decomposing steps in each written subtraction
method. Again, these methods generalize to numbers of all sizes and are based on decomposing larger
units into smaller units when necessary.
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Figure 2-4. Subtraction Methods Supported with Math Drawings

2.NBT.7

Examples

Subtraction Method 1: In this written subtraction method, all necessary decompositions are done first. :
Decomposing can start from the left or the right with this method. Students may be less likely to erroneously
 subtract the top number from the bottom in this method. :

il m
oooy DD{'zmr 558 Emglf I3
0 g e g

&
2

-
]

2
7

0\

4 5
2 8 - 7

Decomposing left to right, 1 hundred, then 1 ten

Subtraction Method 2: In this written subtraction method, decomposing is done as needed. Students first
ungroup a ten so they can subtract 8 from 15. They may erroneously try to subtract the tens as well, getting
{7 —1= 6. Led to see their error, students find they need to ungroup hundreds first to subtract the tens, then

the hundreds. ‘H_m_
00000 ull

!

OO0 Uooooo ONno ”83332 E’_D[ZI M’ﬁ?ﬁg
Qo By NxT

Adapted from Fuson and Beckmann 2013 and UA Progressions Documents 2012b.

When developing fluency with adding and subtracting within 100 (2.NBT.54), second-grade students
use the methods just discussed, as well as other strategies, without the support of drawings.

Strategies for Addition and Subtraction

i Examples of addition strategies based on place value for 48 + 37:

® Adding by place value: 40 + 30 = 70,8 + 7 =15, and 70 + 15 = 85

® Incremental adding (by tens and ones): 48 + 10 = 58, 58 + 10 = 68, 68 + 10 = 78,and 78 + 7 = 85

® (Composing and decomposing (making a “friendly” number): 48 + 2 = 50, 37 — 2 = 35, and 50 + 35 = 85

Examples of subtraction strategies based on place value for 81 —37:

® Adding up (from smaller number to larger number): 37 + 3 = 40, 40 + 40 = 80, 80 + 1 = 81, and
i 3+40+1=44

® Incremental subtracting: 81-10=71,71-10=61,61-10=51,51-7 =44
@ Subtracting by place value: 81 —30 = 51,51 —7 = 44

Adapted from ADE 2010.
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As students develop fluency with adding and subtracting within 100, they also support mathematical
practices such as making sense of quantities (MP.2), calculating accurately (MP.6), and making use of
number patterns and structures in the number system (MP.7).

Example: Find the sum of 43 + 34 + 57 + 24. 2.NBT.6

Student A (Commutative and Associative Properties). “I saw the 43 and 57 and added them first. | know
3 plus 7 equals 10, so when | added them, 100 was my answer. Then | added 34 and had 134. Then | added
24 and had 158. So 43 + 57 + 34 + 24 = 158.

Student B (Place-Value Strategies). “I broke up all of the numbers into tens and ones. First | added the tens:
40 + 30 + 50 + 20 = 140. Then | added the ones: 3 + 4 + 7 + 4 =18. That meant | had 1 ten and 8 ones. So,
140 + 10 is 150. 150 and 8 more is 158. So, 43 + 34 + 57 + 24 = 158.”

Student C (Place-Value Strategies and Commutative and Associative Property). “I broke up all the numbers
into tens and ones. First | added up the tens: 40 + 30 + 50 + 20. | changed the order of the numbers to make
adding easier. | know that 30 plus 20 equals 50, and 50 more equals 100. Then | added the 40 and got 140.
Then | added up the ones: 3 + 4 + 7 + 4. | changed the order of the numbers to make adding easier. | know
that 3 plus 7 equals 10 and 4 plus 4 equals 8. | also know that 10 plus 8 equals 18. | then combined my tens
iand my ones: 140 plus 18 (1 ten and 8 ones) equals 158.”

Adapted from NCDPI 2013b.

Finally, students explain why addition and subtraction strategies work, using place value and the
properties of operations (2.NBT.94). Second-grade students need multiple opportunities to explain
their addition and subtraction thinking (MP.2). For example, students use place-value understanding,
properties of operations, number names, words (including mathematical language), math drawings,
number lines, and physical objects to explain why and how they solve a problem (MP.1, MP.6). Students
can also critique the work of other students (MP.3) to deepen their understanding of addition and sub-
traction strategies.

Example 2.NBT.9

There are 36 birds in the park. Suddenly, 25 more birds arrive. How many birds are there? Solve the problem
: and show your work.

i Student A. “I broke 36 and 25 into tens and ones (30 + 6) + (20 + 5). | can change the order of my numbers,

i since it doesn’t change any amounts, so | added 30 + 20 and got 50. Then | added 5 and 5 to make 10 and
added it to the 50. So, 50 and 10 more is 60. | added the one that was left over and got 61. So there are 61

i birds in the park.”

Student B. “I used a math drawing and made a pile of 36 and a pile of 25.
i Altogether, I had 5 tens and 11 ones. 11 ones is the same as one ten and

i one left over. So, | really had 6 tens and 1 one. That makes 61.”

Adapted from NCDPI 2013b.
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Focus, Coherence, and Rigor

When students explain why addition and subtraction strategies work (2.NBT.94), they
reinforce foundations for solving one- and two-step word problems (2.0A.14) and
extend their understanding and use of various strategies and models, drawings, and a
written method to add and subtract (2.NBT.5A and 2.NBT.7A).

Students are to fluently add and subtract within 100 in grade two (using place-value strategies, prop-
erties of operations, and/or the relationship between addition and subtraction) (2.NBT.54). In grade
one, students added within 100 using concrete models or drawings and used at least one method that
is generalizable to larger numbers (such as between 101 and 1000). In grade two, students extend
addition to within 1000 using these generalizable concrete methods. This extension could be connect-
ed first to adding all two-digit numbers (e.g., 78 + 47) so that students can see and discuss composing
both ones and tens without the complexity of hundreds in the drawings or numbers.

After solving addition problems that compose both ones and tens for all two-digit numbers and then
three-digit numbers within 1000, the fluency problems for grade two seem easy: 28 + 47 requires com-
posing only the ones. This is now easier to do without drawings: one just records the new ten before it
is added in, or adds it in mentally. Fluent adding means adding without drawings.

The same approach may be taken for subtraction, first solving with concrete models or drawings of
subtractions within 100 that involve decomposing 1 ten to make 10 ones and then solving subtraction
problems that require two decompositions, of 1 hundred to make 10 tens and of 1 ten to make 10
ones. Spending a long time subtracting within 100 initially can stimulate students to count on or count
down, methods that become considerably more difficult above 100. Problems with all possibilities of
decompositions should be mixed in so that students solve problems requiring two, one, and no decom-
positions. Then students can spend time on subtractions that include multiple hundreds (totals from
201 to 1000). After this experience, focusing within 100 just on the two cases of one decomposition
(e.g., 73 — 28) or no decomposition (e.g., 78 — 23) is relatively easy to do without drawings.

Mental math as an instructional tool. Many teachers incorporate an activity known as “mental math” into
their classrooms. The teacher typically writes a problem on the board (such as 45 + 47) and asks students to
solve the problem only through a mental process. The teacher then records all answers given by students,
whether correct or incorrect, without judgment. A class discussion follows; students explain how they got

their answers and decide which answer is correct. The class may agree or disagree with a particular method,
find out where another student made an error, or compare different solution methods (e.g., how finding

45 + 45 + 2 is similar to finding 40 + 40 + 12). In mental math, multiple strategies often emerge naturally
from the students, and opportunities to explore these strategies arise. When students do not have more

than one strategy for solving a problem, this can be an indication to the teacher that students have a limited
repertoire of such strategies, and therefore mental math can be used as a valuable instructional tool. Mental
math supports several Mathematical Practice standards, including MP.1, MP.2, MP.3, MP.7, and MP.8. (Stan- :
dard 2.NBT.8A calls for second-grade students to practice mental math by adding and subtracting multiples

of 10 and 100 from a given number between 100 and 900.)
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Domain: Measurement and Data

Grade-two students transition from measuring lengths with informal or non-standard units to mea-
suring with standard units—inches, feet, centimeters, and meters—and using standard measurement
tools (2.MD.14A). Students learn the measure of length as a count of how many units are needed to
match the length of the object or distance being measured. Using both customary units (inches and
feet) and metric units (centimeters and meters), students measure the length of objects with rulers,
yardsticks, meter sticks, and tape measures. Students become familiar with standard units (e.g.,

12 inches in a foot, 3 feet in a yard, and 100 centimeters in a meter) and how to estimate lengths
(adapted from KATM 2012, 2nd Grade Flipbook).

Measurement and Data 2.MD

Measure and estimate lengths in standard units.

1. Measure the length of an object by selecting and using appropriate tools such as rulers, yardsticks, meter
sticks, and measuring tapes.

2. Measure the length of an object twice, using length units of different lengths for the two measurements;
describe how the two measurements relate to the size of the unit chosen.

3. Estimate lengths using units of inches, feet, centimeters, and meters.

4. Measure to determine how much longer one object is than another, expressing the length difference in
terms of a standard length unit.

Students also can learn accu-
rate measurement procedures Figure 2-5. Example of a Student-Created Ruler
and concepts by constructing Using a unit to draw a ruler

simple unit rulers (see figure
2-5). Using copies of a standard
unit, such as manipulatives that
measure one inch,

students mark off unit lengths
on strips of paper, explicitly
connecting the process of mea-

suring with a ruler to measur-
ing by iterating physical units. Adapted from UA Progressions Documents 2012a.

(i (G (b (G (G (Gl (G (e

Students use a standard unit (shown below the ruler) to make rulers,
helping them to understand the meaning of the marks on rulers.

Thus, students’ first rulers are simple tools to help count the iteration of unit lengths. Frequently
comparing results of measuring the same object with manipulatives of standard unit length (e.g.,

a block that is one inch long) and with student-created rulers can help students connect their expe-
riences and ideas. As they build and use these tools, they develop the ideas of unit length iteration
(unit lengths are all of equal size), correct alignment (with a ruler), measurement of the length between
hashmarks on the ruler, and the zero-point concept (the idea that the zero of the ruler indicates one
endpoint of a length).
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Grade-two students learn the concept of the inverse relationship between the size of the unit of length
and the number of units required to cover a definite length or distance—specifically, that the larger
the unit, the fewer units are needed to measure something, and vice versa (2.MD.24). Students mea-
sure the length of the same object using units of different lengths (ruler with inches versus ruler with
centimeters, or a foot ruler versus a yardstick) and discuss the relationship between the size of the units
and the measurements.

 Example 2.MD.2A |

A student measured the length of a desk in both feet and inches. The student found
that the desk was 3 feet long and that it was 36 inches long.

Teacher: “Why do you think you have two different measurements for the same desk?”

Student: “It only took 3 feet because the feet are so big. It took 36 inches because an
: inch is much smaller than a foot.”

Students use this information to understand how to select appropriate tools for measuring a given
object. For instance, a student might think, “The longer the unit, the fewer units | need.” Measurement
problems also support mathematical practices such as reasoning quantitatively (MP.2), justifying
conclusions (MP.3), using appropriate tools (MP.5), attending to precision (MP.6), and making use of
structure or patterns (MP.7).

After gaining experience with measurement, students learn to estimate lengths using units of inches,
feet, centimeters, and meters (2.MD.3A). Students estimate lengths before they measure. After mea-
suring an object, students discuss their estimations, measurement procedures, and the differences
between their estimates and the measurements. Students should begin by estimating measurements of
familiar items (e.g., the length of a desk, pencil, favorite book, and so forth). Estimation helps students
focus on the attribute to be measured, the length units, and the process. Students need many experi-
ences with the use of measurement tools to develop their understanding of linear measurement; an
example is provided below.

Example 2.MD.3A

Teacher: “How many inches do you think this string is if you measure it with a ruler?”
Student: “An inch is pretty small. I'm thinking it will be somewhere between 8 and 9
{ inches.”

Teacher: “Measure it and see.”

Student: “It is 9 inches. | thought that it would be somewhere around there.”

This example also supports mathematical practices such as making sense of quantities (MP.2) and using
appropriate tools strategically (MP.5).
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Students also measure to determine the difference in length between one object and another, express-
ing the difference in terms of a standard length unit (2.MD.44). Grade-two students use inches, feet,
yards, centimeters, and meters to compare the lengths of two objects. They use comparative phrases
such as “It is 2 inches longer” or “It is shorter by 5 centimeters” to describe the difference in length be-
tween the two objects. Students use both the quantity and the unit name to precisely compare length
(ADE 2010 and NCDPI 2013b).

Focus, Coherence, and Rigor

As students compare objects by their lengths, they also reinforce skills and under-
standing related to solving “compare” problems in the major cluster “Represent
and solve problems involving addition and subtraction.” Drawing comparison
bars to represent the different measurements helps make this link explicit (see
standard 2.0A.1A).

Students apply the concept of length to solve addition and subtraction problems. Word problems
should refer to the same unit of measure (2.MD.5A).

Measurement and Data 2.MD

Relate addition and subtraction to length.

5. Use addition and subtraction within 100 to solve word problems involving lengths that are given in
the same units, e.g., by using drawings (such as drawings of rulers) and equations with a symbol for the
unknown number to represent the problem.

6. Represent whole numbers as lengths from 0 on a number line diagram with equally spaced points corre-
sponding to the numbers 0, 1, 2, . . ., and represent whole-number sums and differences within 100 on a
number line diagram.

In grade two, students also connect the concept of the ruler to the concept of the number line. These
understandings are essential to supporting work with number line diagrams.
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Example 2.MD.5A

Kate jumped 14 inches in gym class. Lilly jumped 23 inches. How much farther did Lilly jump than Kate?
i Solve the problem and then write an equation.

 Student A: My equation is 14 + __ = 23. | thought,

i “14 and what makes 23?” | used cubes. | made a train
of 14. Then | made a train of 23. When | put them
side by side, | saw that Kate would need 9 more cubes
to be the same as Lilly. So, Lilly jumped 9 more inches
{ than Kate.

14 + 9 = 23. (MP1, MP.2, MP4)

Student B: My equation is 23 — 14 = __. | thought about what the difference was between Kate and Lilly.

| broke up 14 into 10 and 4. | know that 23 minus 10 is 13. Then, | broke up the 4 into 3 and 1. 13 minus 3 is  :
£10. Then, | took one more away. That left me with 9. So, Lilly jumped 9 inches more than Kate. That seems to
make sense, since 23 is almost 10 more than 14.

12314 = 9. (MP.2, MP.7, MP.8)

Focus, Coherence, and Rigor

Addition and subtraction word problems involving lengths develop mathematical
practices such as making sense of problems (MP.1), reasoning quantitatively (MP.2),
justifying conclusions (MP.3), using appropriate tools strategically (MP.5), attending
to precision (MP.6), and evaluating the reasonableness of results (MP.8). Similar word
problems also support students’ ability to fluently add and subtract, which is part

of the major work at the grade (refer to fluency expectations in standards 2.0A.1A
and 2.NBT.54).

Using a number line diagram to understand number and number operations requires students to
comprehend that number line diagrams have specific conventions: namely, that a single position is
used to represent a whole number and that marks are used to indicate those positions. Students need
to understand that a number line diagram is like a ruler in that consecutive whole numbers are one
unit apart; thus, they need to consider the distances between positions and segments when identifying
missing numbers. These understandings underlie the successful use of number line diagrams. Students
think of a number line diagram as a measurement model and use strategies relating to distance, prox-
imity of numbers, and reference points (UA Progressions Documents 2012a).
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Example 2.MD.6A

There were 27 students on the bus. Nineteen (19) students got off the bus. How many students are on the bus?

Student: | used a number line. | saw that 19 is really close to 20. Since 20 is a lot easier to work with, | took
a jump of 20. But, that was one too many. So, | took a jump of 1 to make up for the extra. | landed on 8. So,
i there are 8 students on the bus. What I did was 27 —20 = 7, and then 7 + 1 = 8.

N [ [ [N (Y S [ ) Y [ N (N U [ S_—— I — N
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Adapted from ADE 2010 and NCDPI 2013b.

Teachers should ensure that students make the connection between problems involving measuring
with a ruler and those involving a number line as a problem-solving strategy.

Focus, Coherence, and Rigor

Using addition and subtraction within 100 to solve word problems involving length
(2.MD.5) and representing sums and differences on a number line (2.MD.6) reinforces
the use of models to add and subtract and supports major work at grade two (see
standards 2.0A.A. 1A and 2.NBT.7A). Similar problems also develop mathematical
practices such as making sense of problems (MP.2), justifying conclusions (MP.3), and
modeling mathematics (MP.4).

In grade one, students learned to tell time to the nearest hour and half-hour. Second-grade students
tell time to the nearest five minutes (2.MD.7A).

Measurement and Data 2.MD

Work with time and money.

7. Tell and write time from analog and digital clocks to the nearest five minutes, using a.m. and p.m. Know
relationships of time (e.g., minutes in an hour, days in a month, weeks in a year). CA

8. Solve word problems involving dollar bills, quarters, dimes, nickels, and pennies, using $ and ¢ symbols
appropriately. Example: If you have 2 dimes and 3 pennies, how many cents do you have?
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Students can make connections between skip-counting by fives (2.NBT.24) and five-minute intervals on
the clock. Students work with both digital and analog clocks. They recognize time in both formats and
communicate their understanding of time using both numbers and language.

Second-grade students also understand that there are two 12-hour cycles in a day—a.m. and p.m.
A daily journal can help students make real-world connections and understand the differences
between these two cycles.

Focus, Coherence, and Rigor

Students’ understanding and use of skip-counting by fives and tens (2.NBT.2A) can
also support telling and writing time to the nearest five minutes (2.MD.7A). Students
notice the pattern of numbers and apply this understanding to time (MP.7).

In grade two, students solve word problems involving dollars or cents (2.MD.8). They identify, count,
recognize, and use coins and bills in and out of context. Second-grade students should have opportuni-
ties to make equivalent amounts using both coins and bills. Dollar bills should include denominations
up to one hundred ($1, $5, $10, $20, $50, $100). Note that students in second grade do not express
money amounts using decimal points.

Just as students learn that a number may be represented in different ways and still remain the same
amount—e.g., 38 can be 3 tens and 8 ones or 2 tens and 18 ones—students can apply this understand-
ing to money. For example, 25 cents could be represented as a quarter, two dimes and a nickel, or 25
pennies, all of which have the same value. Building the concept of equivalent worth takes time, and
students will need numerous opportunities to create and count different sets of coins and to recognize
the “purchasing power” of coins (e.g., a girl can buy the same things with a nickel that she can pur-
chase with 5 pennies).

As teachers provide students with opportunities to explore coin values (e.g., 25 cents), actual coins
(e.g., 2 dimes and 1 nickel), and drawings of circles that have values indicated, students gradually learn
to mentally assign a value to each coin in a set, place a random set of coins in order, use mental math,
add on to find differences, and skip-count to determine the total amount.

Examples 2.MD.8

Using pennies, nickels, dimes, and quarters, how many different ways can you make 37
{ cents? :

Using $1, $5, and $10 bills, how many different ways can you make $12?

Adapted from ADE 2010 and NCDPI 2013b.
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Measurement and Data 2.MD

Represent and interpret data.

9. Generate measurement data by measuring lengths of several objects to the nearest whole unit, or by
making repeated measurements of the same object. Show the measurements by making a line plot,
where the horizontal scale is marked off in whole-number units.

10. Draw a picture graph and a bar graph (with single-unit scale) to represent a data set with up to four
categories. Solve simple put-together, take-apart, and compare problems* using information presented
in a bar graph.

Students use the measurement skills described in previous standards (2.MD.1-44A) to measure objects
and create measurement data (2.MD.9). For example, they measure objects in their desk to the nearest
inch, display the data collected on a line plot, and answer related questions. Line plots are first intro-
duced in grade two. A line plot can be thought of as plotting data on a number line (see figure 2-6).

In grade one, students worked with three categories of
data. In grade two, students work with data that have up
to four categories. Students organize and represent data
on a picture graph or bar graph (with single-unit scale)
and interpret the results. They solve simple put-together,
take-apart, and “compare” problems using information
presented in a bar graph (2.MD.10). In grade two, picture
graphs (pictographs) include symbols that represent single
units. Pictographs should include a title, categories,
category label, key, and data.

Figure 2-6. Example of a Line Plot
Number of Pencils Measured
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Focus, Coherence, and Rigor

Students use data to pose and solve simple one-step addition and subtraction prob-
lems. The use of picture graphs and bar graphs to represent a data set (2.MD.10)
reinforces grade-level work in the major cluster “Represent and solve problems in-
volving addition and subtraction” and provides a context for students to solve related
addition and subtraction problems (2.0A.14).

4. See glossary, table GL-4.
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Example

2.MD.10

: Students are responsible for purchasing ice cream
for an event at school. They decide to collect data
to determine which flavors to buy for the event.

i Students decide on the question to ask their

: peers—“What is your favorite flavor of ice cream?”
—and four likely responses: chocolate, vanilla,
strawberry, and cherry. Students form two teams

i and collect information from different classes in

! their school. Each team decides how to keep track

a bar graph to display its data. Graphs are created
i using paper or a computer.

The teacher facilitates a discussion about the data
collected, asking questions such as these:

i @ Based on the graph from Team A, how many
: students voted for cherry, strawberry, vanilla,
or chocolate ice cream?

® Based on the graph from Team B, how many
‘ students voted for cherry, strawberry, vanilla,
or chocolate ice cream?

® Based on the data from both teams, which
flavor received the most votes? Which flavor
received the fewest votes?

What was the second-favorite flavor?

Based on the data collected, what flavors of
ice cream do you think we should purchase
for our event, and why do you think that?

of its data (e.g., with tally marks, check marks, or in
a table). Each team selects either a picture graph or

Team A: Bar Graph

12

Number of People
T

Chocolate Vanilla Strawberry Cherry

Flavors of Ice Cream

Team B: Picture Graph

Favorite Ice Cream Flavor

Chocolate

Vanilla

Strawberry

Cherry

% represents 1 student

Adapted from NCDPI 2013h.

Representing and interpreting data to solve problems also develops mathematical practices such as
making sense of problems (MP.1), reasoning quantitatively (MP.2), justifying conclusions (MP.3), using
appropriate tools strategically (MP.5), attending to precision (MP.6), and evaluating the reasonableness

of results (MP.8).
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Domain: Geometry

In grade one, students reasoned about attributes of geometric shapes. A critical area of instruction in
second grade is for students to describe and analyze shapes by examining their sides and angles. This
work develops a foundation for understanding area, volume, congruence, similarity, and symmetry in
later grades.

Geometry 2.G

Reason with shapes and their attributes.

1. Recognize and draw shapes having specified attributes, such as a given number of angles or a given
number of equal faces.® Identify triangles, quadrilaterals, pentagons, hexagons, and cubes.

2. Partition a rectangle into rows and columns of same-size squares and count to find the total number of
them.

3. Partition circles and rectangles into two, three, or four equal shares, describe the shares using the words
halves, thirds, half of, a third of, etc., and describe the whole as two halves, three thirds, four fourths.
Recognize that equal shares of identical wholes need not have the same shape.

Students identify, describe, and draw triangles, quadrilaterals (squares, rectangles and parallelograms,
and trapezoids), pentagons, hexagons, and cubes (2.G.1); see figure 2-7. Pentagons, triangles, and hexa-
gons should appear as both regular (having equal sides and equal angles) and irregular. Second-grade
students recognize all four-sided shapes as quadrilaterals. They use the vocabulary word angle in place
of corner, but they do not need to name angle types (e.g., right, acute, obtuse). Shapes should be pre-
sented in a variety of orientations and configurations.

Figure 2-7. Examples of the Presentation of Various Shapes

triangles quadrilaterals pentagons hexagons

A\ ooD AN QO O
B :DODQ:MQ/ P

Source: ADE 2010.

As students use attributes to identify and describe shapes, they also develop mathematical practices
such as analyzing givens and constraints (MP.1), justifying conclusions (MP.3), modeling with mathemat-
ics (MP.4), using appropriate tools strategically (MP.5), attending to precision (MP.6), and looking for a
pattern or structure (MP.7).

Students partition a rectangle into rows and columns of same-size squares and count to find the total
number of squares (2.G.2). As students partition rectangles into rows and columns, they build a foun-
dation for learning about the area of a rectangle and using arrays for multiplication.

5. Sizes are compared directly or visually, not by measuring.
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Example 2.G.2

 Teacher: Partition this rectangle into 3 equal rows and 4 equal columns. How can you partition into 3 equal
rows? Then into 4 equal columns? Can you do it in the other order? How many small squares did you make?

i Student: | counted 12 squares in the rectangle. This is a lot like
when we counted arrays by counting4 + 4 + 4 =12.

An interactive whiteboard or manipulatives such as square tiles, cubes, or other square-shaped objects
can be used to help students partition rectangles (MP.5).

In grade one, students partitioned shapes into halves, fourths, and quarters. Second-grade students
partition circles and rectangles into two, three, or four equal shares (regions). Students explore this
concept with paper strips and pictorial representations and work with the vocabulary terms halves,
thirds, and fourths (2.G.3). Students recognize that when they cut a circle into three equal pieces, each
piece will equal one-third of its original whole and the whole may be described as three-thirds. If a
circle is cut into four equal pieces, each piece will equal one-fourth of its original whole, and the whole
is described as four-fourths.

Circle cut Circle cut Circle not cut Circle cut
into halves into thirds into thirds into fourths

Students should see circles and rectangles partitioned in multiple ways so they learn to recognize that
equal shares can be different shapes within the same whole.

halves fourths

NI
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As students partition circles and squares and explain their thinking, they develop mathematical
practices such as making sense of quantities (MP.2), justifying conclusions (MP.3), attending to precision
(MP.6), and evaluating the reasonableness of their results (MP.7). They also develop understandings that
will support grade-three work in the major cluster “Develop understanding of fractions as numbers”
(3.NF.1-3A) [adapted from ADE 2010 and NCDPI 2013b].

Essential Learning for the Next Grade

In kindergarten through grade five, the focus is on the addition, subtraction, multiplication, and
division of whole numbers, fractions, and decimals, with a balance of concepts, skills, and problem
solving. Arithmetic is viewed as an important set of skills and also as a thinking subject that, when
done thoughtfully, prepares students for algebra. Measurement and geometry develop alongside
number and operations and are tied specifically to arithmetic along the way.

In kindergarten through grade two, students focus on addition, subtraction, and measurement using
whole numbers. To be prepared for grade-three mathematics, students should be able to demonstrate
by the end of grade two that they have acquired specific mathematical concepts and procedural skills
and have met the fluency expectations for the grade. For grade-two students, the expected fluencies
are to add and subtract within 20 using mental strategies and know from memory all sums of two
one-digit numbers (2.0A.24), and to add and subtract within 100 using various strategies (2.NBT.54).
These fluencies and the conceptual understandings that support them are foundational for work in
later grades.

Of particular importance at grade two are concepts, skills, and understandings of addition and subtrac-
tion within 20 and representing and solving problems involving addition and subtraction (2.0A.1-24);
place value (2.NBT.1-44A) and the use of place-value understanding and properties of operations to
add and subtract (2.NBT.5-94); measuring and estimating lengths in standard units (2.MD.1-44); and
relating addition and subtraction to length (2.MD.5—6A).

Place Value

By the end of grade two, students are expected to read, write, and count to 1000, skip-counting by
twos, fives, tens, and hundreds. Students need to understand that 100 can be thought of as a bundle
of 10 tens and also understand three-digit whole numbers in terms of hundreds, tens, and ones.

Addition and Subtraction

Addition and subtraction are major instructional focuses in kindergarten through grade two. By the
end of grade two, students are expected to add and subtract (using concrete models, drawings, and
strategies) within 1000 (2.NBT.7A). Students should add and subtract fluently within 100 using various
strategies (2.NBT.54), and add and subtract fluently within 20 using mental strategies (2.0A.24).
Students mentally add and subtract 10 or 100, within the range 100—900 (2.NBT.84). They are
expected to know from memory all sums of two one-digit numbers (2.0A.24). Students should also
know how to apply addition and subtraction to solve a variety of one- and two-step word problems
(within 100) involving add-to, take-from, put-together, take-apart, and compare situations (2.0A.14);
refer to table 2-3 for additional information.
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Students who have met the grade-two standards for addition and subtraction will be prepared to
fluently add and subtract within 1000 using strategies and algorithms, as required in the grade-three
standards. These foundations will also prepare students for concepts, skills, and problem solving with
multiplication and division, which are introduced in grade three.

Measurement

By the end of grade two, students can measure lengths using standard units—inches, feet, centimeters,
and meters. Students need to know how to use addition and subtraction within 100 to solve word
problems involving lengths (2.MD.5A). Mastering grade-two measurement standards will prepare
students to measure fractional amounts and to add, subtract, multiply, or divide to solve word prob-
lems involving mass or volume, as required in the grade-three standards.
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California Common Core State Standards for Mathematics

Grade 2 Overview

Operations and Algebraic Thinking

e Represent and solve problems involving addition and
subtraction.

e Add and subtract within 20.

e  Work with equal groups of objects to gain foundations
for multiplication.

Number and Operations in Base Ten
e Understand place value.

e Use place-value understanding and properties of
operations to add and subtract.

Measurement and Data

e Measure and estimate lengths in standard units.
e Relate addition and subtraction to length.

e Work with time and money.

e Represent and interpret data.

Geometry
e Reason with shapes and their attributes.

Mathematical Practices

1.

o

® N o o s

Make sense of problems and persevere
in solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Look for and make use of structure.

Look for and express regularity in
repeated reasoning.

Grade Two | 153




n Grade 2

Operations and Algebraic Thinking 2.0A

Represent and solve problems involving addition and subtraction.

1. Use addition and subtraction within 100 to solve one- and two-step word problems involving situations of adding to,
taking from, putting together, taking apart, and comparing, with unknowns in all positions, e.g., by using drawings
and equations with a symbol for the unknown number to represent the problem.®

Add and subtract within 20.

2. Fluently add and subtract within 20 using mental strategies.” By end of Grade 2, know from memory all sums of two
one-digit numbers.

Work with equal groups of objects to gain foundations for multiplication.

3. Determine whether a group of objects (up to 20) has an odd or even number of members, e.g., by pairing objects or
counting them by 2s; write an equation to express an even number as a sum of two equal addends.

&~

Use addition to find the total number of objects arranged in rectangular arrays with up to 5 rows and up to
5 columns; write an equation to express the total as a sum of equal addends.

Number and Operations in Base Ten 2.NBT

Understand place value.

1. Understand that the three digits of a three-digit number represent amounts of hundreds, tens, and ones; e.g.,
706 equals 7 hundreds, 0 tens, and 6 ones. Understand the following as special cases:

a. 100 can be thought of as a bundle of 10 tens—called a “hundred.”

b. The numbers 100, 200, 300, 400, 500, 600, 700, 800, 900 refer to one, two, three, four, five, six, seven, eight,
or nine hundreds (and O tens and O ones).

2. Count within 1000; skip-count by 2s, 5s, 10s, and 100s. CA
3. Read and write numbers to 1000 using base-ten numerals, number names, and expanded form.
4. Compare two three-digit numbers based on meanings of the hundreds, tens, and ones digits, using >, =, and <

symbols to record the results of comparisons.

Use place-value understanding and properties of operations to add and subtract.

5. Fluently add and subtract within 100 using strategies based on place value, properties of operations, and/or
the relationship between addition and subtraction.

o

Add up to four two-digit numbers using strategies based on place value and properties of operations.

~

Add and subtract within 1000, using concrete models or drawings and strategies based on place value, properties
of operations, and/or the relationship between addition and subtraction; relate the strategy to a written method.
Understand that in adding or subtracting three-digit numbers, one adds or subtracts hundreds and hundreds, tens
and tens, ones and ones; and sometimes it is necessary to compose or decompose tens or hundreds.

6. See glossary, table GL-4.
7. See standard 1.0A.6 for a list of mental strategies.
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Grade 2 n

8. Mentally add 10 or 100 to a given number 100-900, and mentally subtract 10 or 100 from a given number
100-900.

7.1 Use estimation strategies to make reasonable estimates in problem solving. CA

9. Explain why addition and subtraction strategies work, using place value and the properties of operations.®

Measurement and Data 2.MD

Measure and estimate lengths in standard units.
1. Measure the length of an object by selecting and using appropriate tools such as rulers, yardsticks, meter sticks,
and measuring tapes.

2. Measure the length of an object twice, using length units of different lengths for the two measurements; describe
how the two measurements relate to the size of the unit chosen.

3. Estimate lengths using units of inches, feet, centimeters, and meters.

4. Measure to determine how much longer one object is than another, expressing the length difference in terms of
a standard length unit.

Relate addition and subtraction to length.

5. Use addition and subtraction within 100 to solve word problems involving lengths that are given in the same units,
e.g., by using drawings (such as drawings of rulers) and equations with a symbol for the unknown number to
represent the problem.

6. Represent whole numbers as lengths from 0 on a number line diagram with equally spaced points corresponding to
the numbers 0, 1, 2, .. ., and represent whole-number sums and differences within 100 on a number line diagram.

Work with time and money.
7. Tell and write time from analog and digital clocks to the nearest five minutes, using a.m. and p.m. Know
relationships of time (e.g., minutes in an hour, days in a month, weeks in a year). CA

8. Solve word problems involving dollar bills, quarters, dimes, nickels, and pennies, using $ and ¢ symbols
appropriately. Example: If you have 2 dimes and 3 pennies, how many cents do you have?

Represent and interpret data.

9. Generate measurement data by measuring lengths of several objects to the nearest whole unit, or by making
repeated measurements of the same object. Show the measurements by making a line plot, where the horizontal
scale is marked off in whole-number units.

10. Draw a picture graph and a bar graph (with single-unit scale) to represent a data set with up to four categories.
Solve simple put-together, take-apart, and compare problems® using information presented in a bar graph.

8. Explanations may be supported by drawings or objects.
9. See glossary, table GL-4.
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n Grade 2

Geometry 2.G

Reason with shapes and their attributes.

1. Recognize and draw shapes having specified attributes, such as a given number of angles or a given number of
equal faces.!® Identify triangles, quadrilaterals, pentagons, hexagons, and cubes.

2. Partition a rectangle into rows and columns of same-size squares and count to find the total number of them.

3. Partition circles and rectangles into two, three, or four equal shares, describe the shares using the words halves,
thirds, half of, a third of, etc., and describe the whole as two halves, three thirds, four fourths. Recognize that equal
shares of identical wholes need not have the same shape.

10. Sizes are compared directly or visually, not by measuring.
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Grade Three

n grade three, students continue to build upon their

mathematical foundation as they focus on the opera-

tions of multiplication and division and the concept of
fractions as numbers. In previous grades, students devel-
oped an understanding of place value and used methods
based on place value to add and subtract within 1000.
They developed fluency with addition and subtraction
within 100 and laid a foundation for understanding mul-
tiplication based on equal groups and the array model.
Students also worked with standard units to measure
length and described attributes of geometric shapes
(adapted from Charles A. Dana Center 2012).

Critical Areas of Instruction

In grade three, instructional time should focus on four
critical areas: (1) developing understanding of multiplica-
tion and division, as well as strategies for multiplication
and division within 100; (2) developing understanding

of fractions, especially unit fractions (fractions with a
numerator of 1); (3) developing understanding of the
structure of rectangular arrays and of area; and (4) de-
scribing and analyzing two-dimensional shapes (National
Governors Association Center for Best Practices, Coun-
cil of Chief State School Officers [NGA/CCSSO] 2010j).
Students also work toward fluency with addition and
subtraction within 1000 and multiplication and division
within 100. By the end of grade three, students know all
products of two one-digit numbers from memory.
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Standards for Mathematical Content

The Standards for Mathematical Content emphasize key content, skills, and practices at each
grade level and support three major principles:

® Focus—Instruction is focused on grade-level standards.

¢ (Coherence—Instruction should be attentive to learning across grades and to linking major
topics within grades.

e Rigor—Instruction should develop conceptual understanding, procedural skill and fluency,
and application.

Grade-level examples of focus, coherence, and rigor are indicated throughout the chapter.

The standards do not give equal emphasis to all content for a particular grade level. Cluster
headings can be viewed as the most effective way to communicate the focus and coherence
of the standards. Some clusters of standards require a greater instructional emphasis than
others based on the depth of the ideas, the time needed to master those clusters, and their
importance to future mathematics or the later demands of preparing for college and careers.

Table 3-1 highlights the content emphases at the cluster level for the grade-three standards.
The bulk of instructional time should be given to “Major” clusters and the standards within
them, which are indicated throughout the text by a triangle symbol (a). However, stan-
dards in the “Additional/Supporting” clusters should not be neglected; to do so would result
in gaps in students’ learning, including skills and understandings they may need in later
grades. Instruction should reinforce topics in major clusters by using topics in the additional/
supporting clusters and including problems and activities that support natural connections
between clusters.

Teachers and administrators alike should note that the standards are not topics to be
checked off after being covered in isolated units of instruction; rather, they provide content
to be developed throughout the school year through rich instructional experiences presented
in a coherent manner (adapted from Partnership for Assessment of Readiness for College and
Careers [PARCC] 2012).
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Table 3-1. Grade Three Cluster-Level Emphases

Operations and Algebraic Thinking 3.0A
Major Clusters
® Represent and solve problems involving multiplication and division. (3.0A.1-44)

e Understand properties of multiplication and the relationship between multiplication and division.
(3.0A.5-6A)

e Multiply and divide within 100. (3.0A.74A)

® Solve problems involving the four operations, and identify and explain patterns in arithmetic.
(3.0A.8-94)

Number and Operations in Base Ten 3.NBT
Additional/Supporting Clusters

® Use place-value understanding and properties of operations to perform multi-digit arithmetic.
(3.NBT.1-3)

Number and Operations—Fractions 3.NF

Major Clusters
® Develop understanding of fractions as numbers. (3.NF.1-34A)

Measurement and Data 3.MD
Major Clusters

® Solve problems involving measurement and estimation of intervals of time, liquid volumes, and
masses of objects. (3.MD.1-24)

® Geometric measurement: understand concepts of area and relate area to multiplication and to
addition. (3.MD.5-7A)
Additional/Supporting Clusters
® Represent and interpret data. (3.MD.3—4)
® Geometric measurement: recognize perimeter as an attribute of plane figures and distinguish
between linear and area measures. (3.MD.8)
Geometry 3.G
Additional/Supporting Clusters
® Reason with shapes and their attributes. (3.6.1-2)

Explanations of Major and Additional/Supporting Cluster-Level Emphases

Major Clusters (A) — Areas of intensive focus where students need fluent understanding and application of the core
concepts. These clusters require greater emphasis than others based on the depth of the ideas, the time needed to
master them, and their importance to future mathematics or the demands of college and career readiness.

Additional Clusters — Expose students to other subjects; may not connect tightly or explicitly to the major work of the
grade.

Supporting Clusters — Designed to support and strengthen areas of major emphasis.

Note of caution: Neglecting material, whether it is found in the major or additional/supporting clusters, will leave gaps
in students’ skills and understanding and will leave students unprepared for the challenges they face in later grades.

Adapted from Smarter Balanced Assessment Consortium 2011, 83.
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Connecting Mathematical Practices and Content

The Standards for Mathematical Practice (MP) are developed throughout each grade and, together with
the content standards, prescribe that students experience mathematics as a rigorous, coherent, useful,
and logical subject. The MP standards represent a picture of what it looks like for students to under-
stand and do mathematics in the classroom and should be integrated into every mathematics lesson
for all students.

Although the description of the MP standards remains the same at all grade levels, the way these
standards look as students engage with and master new and more advanced mathematical ideas does
change. Table 3-2 presents examples of how the MP standards may be integrated into tasks appropriate
for students in grade three. (Refer to the Overview of the Standards Chapters for a description of the MP

standards.)

Table 3-2. Standards for Mathematical Practice—Explanation and Examples for Grade Three

Standards for
Mathematical
Practice

MP1
Make sense of

problems and
persevere in

Explanation and Examples

In third grade, mathematically proficient students know that doing mathematics involves
solving problems and discussing how they solved them. Students explain to themselves the
meaning of a problem and look for ways to solve it. Students may use concrete objects,
pictures, or drawings to help them conceptualize and solve problems such as these: “Jim
purchased 5 packages of muffins. Each package contained 3 muffins. How many muffins

abstractly and
quantitatively.

solving them. did Jim purchase?”; or “Describe another situation where there would be 5 groups of 3 or
5% 3. Students may check their thinking by asking themselves, “Does this make sense?”
Students listen to other students’ strategies and are able to make connections between
various methods for a given problem.

MP.2 Students recognize that a number represents a specific quantity. They connect the quantity

Reason to written symbols and create a logical representation of the problem at hand, considering

both the appropriate units involved and the meaning of quantities. For example, students
apply their understanding of the meaning of the equal sign as “the same as” to interpret an
equation with an unknown. When given 4 x __ =40, they might think:

* 4 groups of some number is the same as 40.

* 4 times some number is the same as 40.

* | know that 4 groups of 10 is 40, so the unknown number is 10.
* The missing factor is 10, because 4 times 10 equals 40.

To reinforce students’ reasoning and understanding, teachers might ask, “How do you
know?” or “What is the relationship between the quantities?”

MP.3

Construct via-
ble arguments
and critique
the reasoning
of others.

Students may construct arguments using concrete referents, such as objects, pictures, and
drawings. They refine their mathematical communication skills as they participate in math-
ematical discussions that the teacher facilitates by asking questions such as “How did you
get that?” and “Why is that true?” Students explain their thinking to others and respond to
others’ thinking. For example, after investigating patterns on the hundreds chart, students
might explain why the pattern makes sense.
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Table 3-2 (continued)

Standards for

Mathematical Explanation and Examples
Practice
MP.4 Students represent problem situations in multiple ways using numbers, words (mathematical

language), objects, and math drawings. They might also represent a problem by acting it out
or by creating charts, lists, graphs, or equations. For example, students use various contexts
and a variety of models (e.g., circles, squares, rectangles, fraction bars, and number lines)

to represent and develop understanding of fractions. Students use models to represent both
equations and story problems and can explain their thinking. They evaluate their results in
the context of the situation and reflect on whether the results make sense. Students should
be encouraged to answer questions such as “What math drawing or diagram could you make
and label to represent the problem?” or “What are some ways to represent the quantities?”

Model with
mathematics.

MP.5 Mathematically proficient students consider the available tools (including drawings or
estimation) when solving a mathematical problem and decide when particular tools might
be helpful. For instance, they may use graph paper to find all the possible rectangles that
have a given perimeter. They compile the possibilities into an organized list or a table and
determine whether they have all the possible rectangles. Students should be encouraged to

Use appro-
priate tools
strategically.

answer questions (e.g., “Why was it helpful touse —_______?”).
MP.6 Students develop mathematical communication skills as they use clear and precise language
Attend t in their discussions with others and in their own reasoning. They are careful to specify units
enato of measure and to state the meaning of the symbols they choose. For instance, when calcu-
precision. lating the area of a rectangle they record the answer in square units.
MP.7 Students look closely to discover a pattern or structure. For instance, students use properties
Look f d of operations (e.g., commutative and distributive properties) as strategies to multiply and
ook or anf divide. Teachers might ask, “What do you notice when _—______?” or “How do you know if
Make use o something is a pattern?”
structure.
MP.8 Students notice repetitive actions in computations and look for “shortcut” methods. For
Look f instance, students may use the distributive property as a strategy to work with products of
03 or numbers they know to solve products they do not know. For example, to find the product
an Txp:egs of 7x 8, students might decompose 7 into 5 and 2 and then multiply 5x8 and 2x8 to
regu af[”dy n arrive at 40 +16, or 56. Third-grade students continually evaluate their work by asking
::gse(?n?ng themselves, “Does this make sense?” Students should be encouraged to answer questions

such as “What is happening in this situation?” or “What predictions or generalizations can
this pattern support?”

Adapted from Arizona Department of Education (ADE) 2010 and North Carolina Department of Public Instruction (NCDPI) 2013b.

Standards-Based Learning at Grade Three

The following narrative is organized by the domains in the Standards for Mathematical Content and
highlights some necessary foundational skills from previous grade levels. It also provides exemplars to
explain the content standards, highlight connections to Standards for Mathematical Practice (MP), and
demonstrate the importance of developing conceptual understanding, procedural skill and fluency, and
application. A triangle symbol (A) indicates standards in the major clusters (see table 3-1).
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Domain: Operations and Algebraic Thinking

In kindergarten through grade two, students focused on developing an understanding of addition

and subtraction. Beginning in grade three, students focus on concepts, skills, and problem solving for
multiplication and division. Students develop multiplication strategies, make a shift from additive to
multiplicative reasoning, and relate division to multiplication. Third-grade students become fluent with
multiplication and division within 100. This work will continue in grades four and five, preparing the
way for work with ratios and proportions in grades six and seven (adapted from the University of Arizo-
na Progressions Documents for the Common Core Math Standards [UA Progressions Documents] 2011a
and PARCC 2012).

Multiplication and division are new concepts in grade three, and meeting fluency is a major portion
of students’ work (see 3.0A.74). Reaching fluency will take much of the year for many students. These
skills and the understandings that support them are crucial; students will rely on them for years to
come as they learn to multiply and divide with multi-digit whole numbers and to add, subtract, multi-
ply, and divide with rational numbers.

There are many patterns to be discovered by exploring the multiples of numbers. Examining and artic
ulating these patterns is an important part of the mathematical work on multiplication and division.
Practice—and, if necessary, extra support—should continue all year for those students who need it to
attain fluency. This practice can begin with the easier multiplication and division problems while the
pattern work is occurring with more difficult numbers (adapted from PARCC 2012). Relating and practic-
ing multiplication and division problems involving the same number (e.g., the 4s) may be helpful.

Operations and Algebraic Thinking 3.0A
Represent and solve problems involving multiplication and division.

1. Interpret products of whole numbers, e.g., interpret 5x 7 as the total number of objects in 5 groups of 7
objects each. For example, describe a context in which a total number of objects can be expressed as 5x 7.

2. Interpret whole-number quotients of whole numbers, e.g., interpret 56 + 8 as the number of objects
in each share when 56 objects are partitioned equally into 8 shares, or as a number of shares when 56
objects are partitioned into equal shares of 8 objects each. For example, describe a context in which a
number of shares or a number of groups can be expressed as 56 + 8.

3. Use multiplication and division within 100 to solve word problems in situations involving equal groups,
arrays, and measurement quantities, e.g., by using drawings and equations with a symbol for the un-
known number to represent the problem.’

4. Determine the unknown whole number in a multiplication or division equation relating three whole
numbers. For example, determine the unknown number that makes the equation true in each of the equa-
tions 8x?=48, 5=[0+3,6x6="7.

A critical area of instruction is to develop student understanding of the meanings of multiplication and
division of whole numbers through activities and problems involving equal-sized groups, arrays, and
area models (NGA/CCSSO 2010c). Multiplication and division are new concepts in grade three. Initially,

1. See glossary, table GL-5.
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students need opportunities to develop, discuss, and use efficient, accurate, and generalizable methods
to compute. The goal is for students to use general written methods for multiplication and division that
students can explain and understand (e.g., using visual models or place-value language). The general
written methods should be variations of the standard algorithms. Reaching fluency with these oper-
ations requires students to use variations of the standard algorithms without visual models, and this
could take much of the year for many students.

Students recognize multiplication as finding the total number of objects in a particular number of
equal-sized groups (3.0A.14). Also, students recognize division in two different situations: partitive
division (also referred to as fair-share division), which requires equal sharing (e.g., how many are in each
group?); and quotitive division (or measurement division), which requires determining how many groups
(e.g., how many groups can you make?) [3.0A.24]. These two interpretations of division have important
uses later, when students study division of fractions, and both interpretations should be explored as
representations of division. In grade three, teachers should use the terms number of shares or number
of groups with students rather than partitive or quotitive.

Multiplication of Whole Numbers 3.0A1A

Note that the standards define multiplication of whole numbers a X b as finding the total number of objects
£in a groups of b objects.

Example: There are 3 bags of apples on the table. There are 4 apples in each bag. How many apples are there
i altogether? :

Partitive Division (also known as Fair-Share or Group Size Unknown Division) 3.0A.2A

The number of groups or shares to be made is known, but the number of objects in (or size of) each group or
i share is unknown. :

Example: There are 12 apples on the counter. If you are sharing the apples equally among 3 bags, how many
i apples will go in each bag?

Quotitive Division (also known as Measurement or Number of Groups Unknown Division) 3.0A.2A

The number of objects in (or size of) each group or share is known, but the number of groups or shares is
i unknown.

Example: There are 12 apples on the counter. If you put 3 apples in each bag, how many bags will you fill?

Students are exposed to related terminology for multiplication (factor and product) and division
(quotient, dividend, divisor, and factor). They use multiplication and division within 100 to solve word
problems (3.0A.34A) in situations involving equal groups, arrays, and measurement quantities. Note that
although “repeated addition” can be used in some cases as a strategy for finding whole-number prod-
ucts, repeated addition should not be misconstrued as the meaning of multiplication. The intention of
the standards in grade three is to move students beyond additive thinking to multiplicative thinking.

The three most common types of multiplication and division word problems for this grade level are
summarized in table 3-3.
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Table 3-3. Types of Multiplication and Division Problems (Grade Three)

Unknown Product

3x6="?

Group Size Unknown?

3x?7=18 and
18+3="?

Number of Groups
Unknown?

?%x6=18 and
18+6="7

There are 3 bags with 6 If 18 plums are shared equally If 18 plums are to be packed,
plums in each bag. How i and packed into 3 bags, then i with 6 plums to a bag, then
many plums are there alto- | how many plums will be in i how many bags are needed?
gether? i each bag?
Equal : Measurement example

Measurement example i Measurement example { You have 18 inches of String,

Groups . . . P . . .
You need 3 lengths of string, : You have 18 inches of string, i which you will cut into pieces
each 6 inches long. How i which you will cut into 3 equal : that are 6 inches long. How
much string will you need i pieces. How long will each i many pieces of string will you
altogether? i piece of string be? : have?
There are 3 rows of apples If 18 apples are arranged into If 18 apples are arranged into
with 6 apples in each row. i3 equal rows, how many ap-  equal rows of 6 apples, how
How many apples are there? : ples will be in each row? i many rows will there be?

Arrays, Area example Area example Area example

Area What is the area of a rectan- i A rectangle has an area of 18 i A rectangle has an area of 18
gle that measures 3 centime- | square centimeters. If one side { square centimeters. If one side
ters by 6 centimeters? is 3 centimeters long, how is 6 centimeters long, how
i long is a side next to it?. i long is a side next to it?

Grade-three students do not solve multiplicative “compare” problems; these problems are

Compare introduced in grade four (with whole-number values) and also appear in grade five (with unit
fractions).

General axb="7? ax?=pand p+a=? ?xb=pandp+b="?

Source: NGA/CCSSO 2010d. A nearly identical version of this table appears in the glossary (table GL-5).

In grade three, students focus on equal groups and array problems. Multiplicative-compare problems
are introduced in grade four. The more difficult problem types include “Group Size Unknown”
(3x?=18 or 18+3 =6) or “Number of Groups Unknown” (? x 6 = 18, 18 + 6 = 3). To solve problems,
students determine the unknown whole number in a multiplication or division equation relating three
whole numbers (3.0A.44). Students use numbers, words, pictures, physical objects, or equations to
represent problems, explain their thinking, and show their work (MP.1, MP.2, MP.4, MP.5).

2. These problems ask the question, “How many in each group?” The problem type is an example of partitive or fair-share division.

3. These problems ask the question, “How many groups?” The problem type is an example of quotitive or measurement division.
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Example: Number of Groups Unknown 3.0A4A

Molly the zookeeper has 24 bananas to feed the monkeys. Each monkey needs to eat 4 bananas. How many
: monkeys can Molly feed?

Solution: 7x4 =24

Students might draw on the remembered product 6 X 4 =24 to say that the related quotient is 6. Alterna-
! tively, they might draw on other known products—for example, if 5 x 4 = 20 is known, then since 20 +4 =24,
i one more group of 4 will give the desired factor (5+1=6). Or, knowing that 3x4 =12 and 12+12=24, |
students might reason that the desired factor is 3+ 3 = 6. Any of these methods (or others) might be sup-

i ported by a representational drawing that shows the equal groups in the situation.

Operations and Algebraic Thinking

Understand properties of multiplication and the relationship between multiplication and division.

5. Apply properties of operations as strategies to multiply and divide.* Examples: If 6 x 4 =24 is known,
then 4 x 6 =24 is also known. (Commutative property of multiplication.) 3x 5 x 2 can be found by
3x5=15,then 15x2=30, or by 5x2=10, then 3x 10 = 30. (Associative property of multiplication.)
Knowing that 8 x5 =40 and 8 x2 =16, one can find 8 x 7 as
8X(5+2)=(8x5)+(8x2)=40+16 =56. (Distributive property.)

6. Understand division as an unknown-factor problem. For example, find 32 + 8 by finding the number that
makes 32 when multiplied by 8.

In grade three, students apply properties of operations as strategies to multiply and divide (3.0A.54).
Third-grade students do not need to use the formal terms for these properties. Students use increas-
ingly sophisticated strategies based on these properties to solve multiplication and division problems
involving single-digit factors. By comparing a variety of solution strategies, students learn about the
relationship between multiplication and division.

Focus, Coherence, and Rigor

Arrays can be seen as equal-sized groups where objects are arranged by rows and
columns, and they form a major transition to understanding multiplication as find-
ing area (connection to 3.MD.7A). For example, students can analyze the structure
of multiplication and division (MP.7) through their work with arrays (MP.2) and work
toward precisely expressing their understanding of the connections between area
and multiplication (MP.6).

The distributive property is the basis for the standard multiplication algorithm that students can use to
fluently multiply multi-digit whole numbers in grade five. Third-grade students are introduced to the
distributive property of multiplication over addition as a strategy for using products they know to solve
products they do not know (MP.2, MP.7).

4. Students need not use formal terms for these properties.
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Example: Using the Distributive Property 3.0A.5A

Students can use the distributive property to discover new products of whole numbers (such as 7 X 8 ) based
i on products they can find more easily.

Strategy 1: By creating an array, | can find how many Strategy 2: By creating an array, | can find how many
i total stars there are in 7 columns of 8 stars. total stars there are in 8 rows of 7 stars.

*x Kk Kk Kk Kk &k *x Kk Kk Kk Kk &k

L b b b 2
L b b b 2
L b b b 2
L b b b 2
L b b b 2 2
L b b b 2
L I I b I S S
L i i . . D D o
L i i . . D D o
L i i . . D D o
L i i . . D b o
L i i . . D b o
L i i . . D b o
L i i . b D b b o

| see that | can arrange the 7 columns into a group of I see that | can arrange the 8 rows of stars into 2
i 5 columns and a group of 2 columns. i groups of 4 rows.

*x K Kk K K| K X * K K K K k *k
* Kk Kk ok k| K K * Kk Kk Kk Kk Kk Kk
* Kk Kk ok k| K K * Kk Kk ok Kk K Kk
* K Kk K K|k * * k Kk Kk K * *k
* Kk Kk Kk k| K K * Kk Kk Kk Kk Kk %k
* Kk Kk ok k| K K * Kk Kk ok Kk K Kk
* K Kk K K| K * * *x Kk Kk * * *k
*x Kk Kk Kk k| K K * Kk Kk Kk Kk * %k

| know that the 5 x 8 array gives me 40 and I know that each new 4 x 7 array gives

i the 2x 8 array gives me 16. So altogether | have i me 28 stars, so altogether | have

5x8+2x8=40+16=56 stars. £4XT7+4x7=28+28=56 stars.

Adapted from ADE 2010.

The connection between multiplication and division should be introduced early in the year. Students
understand division as an unknown-factor problem (3.0A.64). For example, find 15 + 3 by finding the
number that makes 15 when multiplied by 3. Multiplication and division are inverse operations, and
students use this inverse relationship to compute and check results.
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Operations and Algebraic Thinking

Multiply and divide within 100.

7. Fluently multiply and divide within 100, using strategies such as the relationship between multiplication
and division (e.g., knowing that 8 x5 =40, one knows 40 +5 =8 ) or properties of operations. By the
end of grade 3, know from memory all products of two one-digit numbers.

Students in grade three use various strategies to fluently multiply and divide within 100 (3.0A.7A). The
following are some general strategies that can be used to help students know from memory all prod-
ucts of two one-digit numbers.

Strategies for Learning Multiplication Facts 3.0A.7A

i Patterns

: e Multiplication by zeros and ones
» Doubles (twos facts), doubling twice (fours), doubling three times (eights)
» Tens facts (relating to place value, 5x10 is 5 tens, or 50)

: *  Fives facts (knowing the fives facts are half of the tens facts)

General Strategies

* Use skip-counting (counting groups of specific numbers and knowing how many groups have been
counted). For example, students count by twos, keeping track of how many groups (to multiply) and
when they reach the known product (to divide). Students gradually abbreviate the “count by” list
and are able to start within it.

* Decompose into known facts (e.g., 6 X7 is 6 X6 plus one more group of 6).

* Use “turn-around facts” (based on the commutative property—for example, knowing that 2 x 7 is
the same as 7 x 2 reduces the total number of facts to memorize).

: Other Strategies

*  Know square numbers (e.g., 6 X6).

e Use arithmetic patterns to multiply. Nines facts include several patterns. For example, using the fact
that 9=10-1, students can use the tens multiplication facts to help solve a nines multiplication
problem.
9x 4 =9 fours = 10 fours — 1 four =40 -4 =36
Students may also see this as:
4%x9=4nines =4 tens—4 ones =40—-4 =36

Strategies for Learning Division Facts

* Turn the division problem into an unknown-factor problem. Students can state a division problem as
an unknown-factor problem (e.g., 24 + 4 =? becomes 4 X ? =24). Knowing the related multiplica-
tion facts can help a student obtain the answer and vice versa, which is why studying multiplication
and division involving a particular number can be helpful.

* Userelated facts (e.g.,, 6xX4=24;24+6=4;24+4=6; 4x6=24).

Adapted from ADE 2010.
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Multiplication and division are new concepts in grade three, and reaching fluency with these opera-
tions within 100 represents a major portion of students’ work. By the end of grade three, students also
know all products of two one-digit numbers from memory (3.0A.7A). Organizing practice to focus most
heavily on products and unknown factors that are understood but not yet fluent in students can speed
learning and support fluency with multiplication and division facts. Practice and extra support should
continue all year for those who need it to attain fluency.

FLUENCY

California’s Common Core State Standards for Mathematics (K—6) set expectations for fluency in computation
(e.g., “Fluently multiply and divide within 100 . . .” [3.0A.7A]). Such standards are culminations of progressions
of learning, often spanning several grades, involving conceptual understanding, thoughtful practice, and extra
support where necessary. The word fluent is used in the standards to mean “reasonably fast and accurate”
and possessing the ability to use certain facts and procedures with enough facility that using such knowledge
does not slow down or derail the problem solver as he or she works on more complex problems. Procedural
fluency requires skill in carrying out procedures flexibly, accurately, efficiently, and appropriately. Developing
fluency in each grade may involve a mixture of knowing some answers, knowing some answers from patterns,
and knowing some answers through the use of strategies.

Adapted from UA Progressions Documents 2011a.

Students in third grade begin to take steps toward formal algebraic language by using a letter for
the unknown quantity in expressions or equations when solving one- and two-step word problems
(3.0A.84).

Operations and Algebraic Thinking

Solve problems involving the four operations, and identify and explain patterns in arithmetic.

8. Solve two-step word problems using the four operations. Represent these problems using equations with
a letter standing for the unknown quantity. Assess the reasonableness of answers using mental computa-
tion and estimation strategies including rounding.®

9. Identify arithmetic patterns (including patterns in the addition table or multiplication table), and explain
them using properties of operations. For example, observe that 4 times a number is always even, and ex-
plain why 4 times a number can be decomposed into two equal addends.

Students do not formally solve algebraic equations at this grade level. Students know to perform oper-
ations in the conventional order when there are not parentheses to specify a particular order (order of
operations). Students use estimation during problem solving and then revisit their estimates to check
for reasonableness.

5. This standard is limited to problems posed with whole numbers and having whole-number answers; students should know
how to perform operations in the conventional order when there are no parentheses to specify a particular order (Order of
Operations).
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: Example 1: Chicken Coop 3.0A.8A

There are 5 nests in a chicken coop and 2 eggs in each nest. If the farmer wants 25 eggs, how many more
: eggs does she need?

Solution: Students might create a picture representation of this situation using a tape diagram:

21212122 m
25

Students might solve this by seeing that when they add up the 5 nests with 2 eggs, they have 10 eggs. Thus, to
i make 25 eggs the farmer would need 25—-10 =15 more eggs. A simple equation that represents this situation
could be 5x2+m=25, where m is the number of additional eggs the farmer needs.

i Example 2: Soccer Club 3.0A.8A

The soccer club is going on a trip to the water park. The cost of attending the trip is $63, which includes $13
i for lunch and the price of 2 wristbands (one for the morning and one for the afternoon). Both wristbands are
the same price. Find the price of one of the wristbands, and write an equation that represents this situation.

Solution: Students might solve the problem by seeing that the total cost of the two tickets must be
£ $63—$13=$50.

w w $13
$63

Therefore, the cost of one wristband must be $50 +2 = $25. Equations that represent this situation are
iw+w+13=63 and 63=w+w+13.

Adapted from Kansas Association of Teachers of Mathematics (KATM) 2012, 3rd Grade Flipbook, and NCDPI 2013b.

In grade three, students identify arithmetic patterns and explain them using properties of operations
(3.0A.94). Students can investigate addition and multiplication tables in search of patterns (MP.7) and
explain or discuss why these patterns make sense mathematically and how they are related to prop-
erties of operations (e.g., why is the multiplication table symmetric about its diagonal from the upper
left to the lower right?) [MP.3].

Domain: Number and Operations in Base Ten

Number and Operations in Base Ten 3.NBT

Use place-value understanding and properties of operations to perform multi-digit arithmetic.®

1. Use place-value understanding to round whole numbers to the nearest 10 or 100.

2. Fluently add and subtract within 1000 using strategies and algorithms based on place value, properties
of operations, and/or the relationship between addition and subtraction.

3. Multiply one-digit whole numbers by multiples of 10 in the range 10-90 (e.g., 9 x 80,5 x 60) using
strategies based on place value and properties of operations.

6. A range of algorithms may be used.
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In grade three, students are introduced to the concept of rounding whole numbers to the nearest 10 or
100 (3.NBT.1), an important prerequisite for working with estimation problems. Students can use a num-
ber line or a hundreds chart as tools to support their work with rounding. They learn when and why to
round numbers and extend their understanding of place value to include whole numbers with four digits.

Third-grade students continue to add and subtract within 1000 and achieve fluency with strategies and
algorithms that are based on place value, properties of operations, and/or the relationship between
addition and subtraction (3.NBT.2). They use addition and subtraction methods developed in grade
two, where they began to add and subtract within 1000 without the expectation of full fluency and
used at least one method that generalizes readily to larger numbers—so this is a relatively small and
incremental expectation for third-graders. Such methods continue to be the focus in grade three,

and thus the extension at grade four to generalize these methods to larger numbers (up to 1,000,000)
should also be relatively easy and rapid.

Students in grade three also multiply one-digit whole numbers by multiples of 10 (3.NBT.3) in the
range 10-90, using strategies based on place value and properties of operations (e.g., “I know
5%90 =450 because 5x9 =45, and so 5x90 should be 10 times as much”). Students also
interpret 2 x 40 as 2 groups of 4 tens or 8 groups of ten. They understand that 5x 60 is 5 groups

of 6 tens or 30 tens, and they know 30 tens are 300. After developing this understanding, students
begin to recognize the patterns in multiplying by multiples of 10 (ADE 2010). The ability to multiply
one-digit numbers by multiples of 10 can support later student learning of standard algorithms for
multiplication of multi-digit numbers.

Domain: Number and Operations—Fractions
In grade three, students develop an understanding of fractions as numbers. They begin with unit
fractions by building on the idea of partitioning a whole into equal parts. Student proficiency with
fractions is essential for success in more advanced mathematics such as percentages, ratios and pro-
portions, and algebra.

Number and Operations—Fractions’ 3.NF
Develop understanding of fractions as numbers.

1. Understand a fraction 1b as the quantity formed by 1 part when a whole is partitioned into 5 equal
parts; understand a fraction % as the quantity formed by a parts of size%‘

2. Understand a fraction as a number on the number line; represent fractions on a number line diagram.
a. Represent a fraction % on a number line diagram by defining the interval from 0 to 1 as the whole
and partitioning it into b equal parts. Recognize that each part has size % and that the endpoint
of the part based at 0 locates the number% on the number line.

b. Represent a fraction % on a number line diagram by marking off a lengths % from 0. Recognize
that the resulting interval has size % and that its endpoint locates the number % on the

number line.

7. Grade-three expectations in this domain are limited to fractions with denominators 2, 3, 4, 6, and 8.
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In grades one and two, students partitioned circles and rectangles into two, three, and four equal
shares and used fraction language (e.g., halves, thirds, half of, a third of). In grade three, students begin
to enlarge their concept of number by developing an understanding of fractions as numbers (adapted
from PARCC 2012).

.1 . .
Grade-three students understand a fraction 7, as the quantity formed by 1 part when a whole is

1
partitioned into b equal parts and the fraction % as the quantity formed by a parts of size 7 (3.NF.1A).

Focus, Coherence, and Rigor

When working with fractions, teachers should emphasize two main ideas:
» Specifying the whole
» Explaining what is meant by “equal parts”

Student understanding of fractions hinges on understanding these ideas.

To understand fractions, students build on the idea of partitioning (dividing) a whole into equal parts.
Students begin their study of fractions with unit fractions (fractions with the numerator 1), which are
formed by partitioning a whole into equal parts (the number of equal parts becomes the denominator).
One of those parts is a unit fraction. An important goal is for students to see unit fractions as the basic
building blocks of all fractions, in the same sense that the number 1 is the basic building block of whole
numbers. Students make the connection that, just as every whole number is obtained by combining a
sufficient number of 1s, every fraction is obtained by combining a sufficient number of unit fractions
(adapted from UA Progressions Documents 2013a). They explore fractions first, using concrete models
such as fraction bars and geometric shapes, and this culminates in understanding fractions on the
number line.
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: Examples 3.NF1A

Teacher: Show fourths by folding the piece of paper into equal parts.
Student: | know that when the number on the bottom is 4, | need to make four equal parts. By folding the

paper in half once and then again, | get four parts, and each part is equal. Each part is worth %

| | |
1
| I P |

RN
A=
B—

i Teacher: Shade ;4 using the fraction bar you created.

éStudent: My fraction bar shows fourths. The 3 tells me | need three of them, so I'll shade them. I could have

shaded any three of them and | would still have %

A=
A=
A=
A=

Teacher: Explain how you know your mark is in the right place. 3.NF.2bA
Student (Solution): When | use my fraction strip as a measuring tool, it shows me how to divide the unit
interval into four equal parts (since the denominator is 4). Then | start from the mark that has 0 and
measure off three pieces of % each. I circled the pieces to show that | marked three of them. This is how

I know | have marked %

A=
A=
A=
A=

EN[O8}

Third-grade students need opportunities to place fractions on a number line and understand fractions
as a related component of the ever-expanding number system. The number line reinforces the analogy
between fractions and whole numbers. Just as 5 is the point on the number line reached by marking

off 5 times the length of the unit interval from 0, so is % the point obtained by marking off 5 times the

length of a different interval as the basic unit of length, namely the interval from 0 to %

172 Grade Three




! Fractions Greater Than 1

: California’s Common Core State Standards for Mathematics do not designate fractions greater than 1
i as “improper fractions.” Fractions greater than 1, such as 5, are simply numbers in themselves and are

constructed in the same way as other fractions.

5 . . . . 1
Thus, to construct 5 we might use a fraction strip as a measuring tool to mark off lengths of 5 Then we count

five of those halves to get %

o —
o —
N —
N —
o —
|~

Students recognize that when examining fractions with common denominators, the wholes have been
divided into the same number of equal parts, so the fraction with the larger numerator has the larger
number of equal parts. Students develop an understanding of the numerator and denominator as they
label each fractional part based on how far it is from 0 to the endpoint (MP.7).

‘e T~~~ =°=°—° B I )
: 1 | 1 | 1 | 1 :
.___ft___l___ft___l___ft___l___ft___:
‘e T~~~ =°=°° T~~~ =-°=°° T-~-T-~-==°7-° 0
1 | 1 | 1 | 1 :
I 4 | 4 | 4 I 4 1
‘S I N B "
e
Ll Ll ___Ll________ :
‘e T~~~ ==°7° T~~~ ==°7-7 T~~~ ==°7-° 0
1 | 1 | 1 | 1
I 4 | 4 | 4 | 4 1
@ @ @ @ @
0 1 2 3 1=4
4 4 4 4
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Number and Operations—Fractions®

Develop understanding of fractions as numbers.
3. Explain equivalence of fractions in special cases, and compare fractions by reasoning about their size.
a. Understand two fractions as equivalent (equal) if they are the same size, or the same point on a
number line.
b. Recognize and generate simple equivalent fractions, e.g., % = % , %= 2/3 ). Explain why the frac-
tions are equivalent, e.g., by using a visual fraction model.
c. Express whole numbers as fractions, and recognize fractions that are equivalent to whole numbers.
Examples: Express 3 in the form 3= % ; recognize that %= 6, locate % and 1 at the same point of a
number line diagram.

d. Compare two fractions with the same numerator or the same denominator by reasoning about their
size. Recognize that comparisons are valid only when the two fractions refer to the same whole.
Record the results of comparisons with the symbols >, =, or <, and justify the conclusions, e.g., by
using a visual fraction model.

Students develop an understanding of fractions as they use visual models and a number line to

. . . . . 1_2
represent, explain, and compare unit fractions, equivalent fractions (e.g., 272 ), whole numbers

Sl |

as fractions (e.g., 3= % ), and fractions with the same numerator (e.g., % and ¢ ) or the same

denominator (e.g., % and %) [3.NF.2-34].

Students develop an understanding of order in terms of position on a number line. Given two
fractions—thus two points on the number line—students understand that the one to the left is said to
be smaller and the one to the right is said to be larger (adapted from UA Progressions Documents 2013a).

Students learn that when comparing fractions, they need to look at the size of the parts and the
number of the parts. For example, % is smaller than % because when 1 whole is cut into 8 pieces, the

pieces are much smaller than when 1 whole of the same size is cut into 2 pieces.

To compare fractions that have the same numerator but different denominators, students understand
that each fraction has the same number of equal parts but the size of the parts is different. Students
can infer that the same number of smaller pieces is less than the same number of bigger pieces
(adapted from ADE 2010 and KATM 2012, 3rd Grade Flipbook).

Students develop an understanding of equivalent fractions as they compare fractions using a variety of
visual fraction models and justify their conclusions (MP.3). Through opportunities to compare fraction
models with the same whole divided into different numbers of pieces, students identify fractions that
show the same amount or name the same number, learning that they are equal (or equivalent).

8. Grade-three expectations in this domain are limited to fractions with denominators 2, 3, 4, 6, and 8.
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i Using Models to Understand Basic Fraction Equivalence

: Fraction bars

1 1 1 1 1 1
6 6 6 6 6 6
1 1
2 2
;Number/ine
: 1 2_
0 2 2 =1
° * °
[ [ [
| | |
@ @ @ @ @
0 1 2 3 i—l
4 4 g 4-

Adapted from UA Progressions Documents 2013a.

! Important Concepts Related to Understanding Fractions

Fractional parts must be the same size.

The number of equal parts tells how many make a whole.

As the number of equal pieces in the whole increases, the size of the fractional pieces decreases.

The size of the fractional part is relative to the whole.

When a shape is divided into equal parts, the denominator represents the number of equal parts
in the whole and the numerator of a fraction is the count of the demarcated congruent or equal

parts in a whole (e.g., % means that there are 3 one-fourths or 3 out of 4 equal parts).

13 ..
Common benchmark numbers such as 0, 5, 7, and 1 can be used to determine if an unknown

fraction is greater or smaller than a benchmark fraction.

Adapted from ADE 2010 and KATM 2012, 3rd Grade Flipbook.

Illustrative Mathematics offers a Fractions Progression Module (http://www.illustrativemathematics.org/
pages/fractions progression [Illustrative Mathematics 2013k]) that provides an overview of fractions.

Table 3-4 presents a sample classroom activity that connects the Standards for Mathematical Content
and Standards for Mathematical Practice.
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Table 3-4. Connecting to the Standards for Mathematical Practice—Grade Three

i Standards Addressed

Explanation and Examples

: Connections to Standards for Mathematical

: Practice

MP.2. Students reason quantitatively as they de-

i termine why a placement was correct or incorrect
i and assign a fractional value to a distance.

: MP4. Students use the number line model for
fractions. Although this is not an application of
mathematics to a real-world situation in the true
i sense of modeling, it is an appropriate use of
modeling for the grade level.

MP.8. Students see repeated reasoning in dividing
up the number line into equal parts (of varied

: sizes) and form the basis for how they would place
fifths, tenths, and other fractions.

Standards for Mathematical Content

3.NF.1. Understand a fraction % as the quantity

formed by 1 part when a whole is partitioned into

b equal parts; understand a fraction %as the

quantity formed by a parts of size %

3.NF.2. Understand a fraction as a number on the
i number line; represent fractions on a number line
i diagram.

a. Represent a fraction % on a number line

diagram by defining the interval from 0 to 1
as the whole and partitioning it into b equal

parts. Recognize that each part has size % and
that the endpoint of the part based at 0 locates

the number % on the number line.

b. Represent a fraction % on a number line

diagram by marking off a lengths % from 0.
a
b

and that its endpoint locates the number % on

Recognize that the resulting interval has size

the number line.

3.NF.3. Explain equivalence of fractions in special
cases, and compare fractions by reasoning about
i their size.

b. Recognize and generate simple equivalent

' 1_2 4_2 i
fractions (e.g., =1 63 ). Explain why the
fractions are equivalent, e.g., by using a visual

fraction model.

Task: The Human Fraction Number Line Activity. In

this activity, the teacher posts a long sheet of paper on

a wall of the classroom to act as a number line, with 0
marked at one end and 1 marked at the other. Gathered
around the wall, groups of students are given cards with
different-sized fractions indicated on them—for example,
01234

LD D Z—and are asked to locate themselves along
the number line according to the fractions assigned to
them. Depending on the size of the class and the length
of the number line, fractions with denominators 2, 3, 4,
6, and 8 may be used. The teacher can ask students to
explain to each other why their placements are correct
or incorrect, emphasizing that the students with cards
marked in fourths, say, have divided the number line into
four equal parts. Furthermore, a student with the card %
is standing in the correct place if he or she represents a
lengths of size % from 0 on the number line.

As a follow-up activity, teachers can give students several
unit number lines that are marked off into equal parts
but that are unlabeled. Students are required to fill in the
labels on the number lines. An example is shown here:

0 1

J 0 o o 1

Classroom Connections. There are several big ideas

included in this activity. One is that when talking about
fractions as points on a number line, the whole is
represented by the length or amount of distance from

0 to 1. By requiring students to physically line up in the
correct places on the number line, the idea of partition-
ing this distance into equal parts is emphasized. In
addition, other students can physically mark off the
placement of fractions by starting from 0 and walking
the required number of lengths % from 0; for example,
with students placed at the locations for sixths, another
student can start at 0 and walk off a distance of % As an
extension, teachers can have students mark off equivalent
fraction distances, such as %, %, and %, and can discuss
why those fractions represent the same amount.
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Domain: Measurement and Data

Measurement and Data 3.MD

Solve problems involving measurement and estimation of intervals of time, liquid volumes, and
masses of objects.

1. Tell and write time to the nearest minute and measure time intervals in minutes. Solve word problems
involving addition and subtraction of time intervals in minutes, e.g., by representing the problem on a
number line diagram.

2. Measure and estimate liquid volumes and masses of objects using standard units of grams (g), kilograms
(kg), and liters (1).° Add, subtract, multiply, or divide to solve one-step word problems involving masses or
volumes that are given in the same units, e.g., by using drawings (such as a beaker with a measurement
scale) to represent the problem."

Students have experience telling and writing time from analog and digital clocks to the hour and half
hour in grade one and in five-minute intervals in grade two. In grade three, students write time to
the nearest minute and measure time intervals in minutes. Students solve word problems involving
addition and subtraction of time intervals in minutes and represent these problems on a number line
(3.MD.14).

Students begin to understand the concept of continuous measurement quantities, and they add, sub-
tract, multiply, or divide to solve one-step word problems involving such quantities. Multiple opportu-
nities to weigh classroom objects and fill containers will help students develop a basic understanding
of the size and weight of a liter, a gram, and a kilogram (3.MD.24).

Focus, Coherence, and Rigor

Students’ understanding and work with measuring and estimating continuous mea-
surement quantities, such as liquid volume and mass (3.MD.24), are an important
context for the fraction arithmetic they will experience in later grade levels.

Measurement and Data 3.MD

Represent and interpret data.

3. Draw a scaled picture graph and a scaled bar graph to represent a data set with several categories. Solve
one- and two-step “how many more” and “how many less” problems using information presented in scaled
bar graphs. For example, draw a bar graph in which each square in the bar graph might represent 5 pets.

4. Generate measurement data by measuring lengths using rulers marked with halves and fourths of an
inch. Show the data by making a line plot, where the horizontal scale is marked off in appropriate
units—whole numbers, halves, or quarters.

9. Excludes compound units such as cm® and finding the geometric volume of a container.
10. Excludes multiplicative comparison problems (problems involving notions of “times as much”; see glossary, table GL-5).
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In grade three, the most important development in data representation for categorical data is that stu-
dents draw picture graphs in which each picture represents more than one object, and they draw bar
graphs in which the scale uses multiples, so the height of a given bar in tick marks must be multiplied
by the scale factor to yield the number of objects in the given category. These developments connect
with the emphasis on multiplication in this grade (adapted from UA Progressions Documents 2011b).

Students draw a scaled pictograph and a scaled bar graph to represent a data set and solve word
problems (3.MD.3).

i Examples 3.MD.3
Students might draw or reference a pictograph with symbols that represent multiple units.
Number of Books Read
Nancy
Juan
Note: represents 5 books.
Students might draw or reference bar graphs to solve related problems.
= 40
S 35
30
2 Nancy
o 25
(=}
@D 20
“‘é 15 Juan
2 10
§5 0 5 0 15 20 25 30 35 40
=z
0 Number of Books Read

Nancy Juan

Adapted from KATM 2012, 3rd Grade Flipbook.

Focus, Coherence, and Rigor

Pictographs and scaled bar graphs offer a visually appealing context and support
major work in the cluster “Represent and solve problems involving multiplication
and division” as students solve multiplication and division word problems (3.0A.34A).

Students use their knowledge of fractions and number lines to work with measurement data involving
fractional measurement values. They generate data by measuring lengths using rulers marked with
halves and fourths of an inch and create a line plot to display their findings (3.MD.4) [adapted from UA

Progressions Documents 2011b].
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For example, students might use a line plot to display data.

Number of Objects Measured
X
X
X X
X X X X
1 | [ | | | /|
| | | | | | | | |
0 1 1 3 1 1 1 3 2
4 2 4 4 2 4
Adapted from NCDPI 2013b.

A critical area of instruction at grade three is for students to develop an understanding of the structure
of rectangular arrays and of area measurement.

Measurement and Data 3.MD

Geometric measurement: understand concepts of area and relate area to multiplication and to
addition.

5.

Recognize area as an attribute of plane figures and understand concepts of area measurement.

a.

A square with side length 1 unit, called “a unit square,” is said to have “one square unit” of area,
and can be used to measure area.

A plane figure which can be covered without gaps or overlaps by # unit squares is said to have an
area of n square units.

Measure areas by counting unit squares (square cm, square m, square in, square ft, and improvised
units).

Relate area to the operations of multiplication and addition.

da.

Find the area of a rectangle with whole-number side lengths by tiling it, and show that the area is
the same as would be found by multiplying the side lengths.

Multiply side lengths to find areas of rectangles with whole-number side lengths in the context of
solving real-world and mathematical problems, and represent whole-number products as rectan-
gular areas in mathematical reasoning.

Use tiling to show in a concrete case that the area of a rectangle with whole-number side lengths
a and b+c isthe sum of axb and aXc. Use area models to represent the distributive prop-
erty in mathematical reasoning.

Recognize area as additive. Find areas of rectilinear figures by decomposing them into non-
overlapping rectangles and adding the areas of the non-overlapping parts, applying this tech-
nique to solve real-world problems.

Students recognize area as an attribute of plane figures, and they develop an understanding of
concepts of area measurement (3.MD.54A). They discover that a square with a side length of 1 unit,
called “a unit square,” is said to have one square unit of area and can be used to measure area.
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Students measure areas by counting unit squares (square centimeters, square meters, square inches,
square feet, and improvised units) [3.MD.64]. Students develop an understanding of using square units
to measure area by using different-sized square units, filling in an area with the same-sized square
units, and then counting the number of square units.

Students relate the concept of area to the operations of multiplication and addition and show that the
area of a rectangle can be found by multiplying the side lengths (3.MD.7A). Students make sense of
these quantities as they learn to interpret measurement of rectangular regions as a multiplicative rela-
tionship of the number of square units in a row and the number of rows. Students should understand
and explain why multiplying the side lengths of a rectangle yields the same measurement of area as
counting the number of tiles (with the same unit length) that fill the rectangle’s interior. For example,
students might explain that one length tells the number of unit squares in a row and the other length
tells how many rows there are (adapted from UA Progressions Documents 2012a).

Students need opportunities to tile a rectangle with square units and then multiply the side lengths to
show that they both give the area. For example, to find the area, a student could count the squares or
multiply 4 x3=12.

5 6 7 8

9 10 | 11 | 12

The transition from counting unit squares to multiplying side lengths to find area can be aided when
students see the progression from multiplication as equal groups to multiplication as a total number
of objects in an array, and then see the area of a rectangle as an array of unit squares. An example is
presented below.

: Students see multiplication as counting objects in equal groups—for example, 4 x 6 as 4 groups of 6 apples:
: e W W e W % e W % e W %

900 000 OO0 00O

@ @ e - @ @ - @ @ - @ @

P00 P00 OO0 9GO

They see the objects arranged in arrays, as in a 4 x 6 array of the same apples:

) 7 7 ) 7 7 7
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They eventually see that finding area by counting unit squares is like counting an array of objects, where the
objects are unit squares.

0
%

¢leee
¢lee

%
%

¢lee
¢lele
¢lee

Students use area models to represent the distributive property in mathematical reasoning. For example,
the area of a 6 x 7 figure can be determined by finding the area of a 6 x 5 figure and a 6 x 2 figure and

adding the two products.

6x5 6x2

Students recognize area as additive and find areas of rectilinear figures by decomposing them into
non-overlapping rectangles and adding the areas of the non-overlapping parts.

i Example 3.MD.7dA

The standards mention rectilinear figures. A rectilinear figure is a polygon whose every angle is a right angle.
i Such figures can be decomposed into rectangles to find their areas.

Area of rectilinear figure =? 4x2 2X2

By breaking the figure into two pieces, it becomes easier to see that the area of the figure is 8 +4 =12
i square units.

Adapted from NCDPI 2013b.

Students apply these techniques and understandings to solve real-world problems.
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Focus, Coherence, and Rigor

The use of area models (3.MD.7A) also supports multiplicative reasoning, a major
focus in grade three in the domain “Operations and Algebraic Thinking” (3.0A.1-94A).
Students must begin work with multiplication and division at or near the start of the
school year to allow time for understanding and to develop fluency with these skills.
Because area models for products are an important part of this process (3.MD.74A),
work on concepts of area (3.MD.5—64A) should begin at or near the start of the year
as well (adapted from PARCC 2012).

Measurement and Data 3.MD

Geometric measurement: recognize perimeter as an attribute of plane figures and distinguish

between linear and area measures.

8. Solve real-world and mathematical problems involving perimeters of polygons, including finding the
perimeter given the side lengths, finding an unknown side length, and exhibiting rectangles with the
same perimeter and different areas or with the same area and different perimeters.

In grade three, students solve real-world and mathematical problems involving perimeters of polygons
(3.MD.8). Students can develop an understanding of the concept of perimeter as they walk around

the perimeter of a room, use rubber bands to represent the perimeter of a plane figure with whole-
number side lengths on a geoboard, or trace around a shape on an interactive whiteboard. They find
the perimeter of objects, use addition to find perimeters, and recognize the patterns that exist when
finding the sum of the lengths and widths of rectangles. They explain their reasoning to others. Given a
perimeter and a length or width, students use objects or pictures to find the unknown length or width.
They justify and communicate their solutions using words, diagrams, pictures, and numbers (adapted
from ADE 2010).

Domain: Geometry

Geometry 3.G

Reason with shapes and their attributes.

1. Understand that shapes in different categories (e.g., rhombuses, rectangles, and others) may share attri-
butes (e.g., having four sides), and that the shared attributes can define a larger category (e.g., quadrilat-
erals). Recognize rhombuses, rectangles, and squares as examples of quadrilaterals, and draw examples
of quadrilaterals that do not belong to any of these subcategories.

2. Partition shapes into parts with equal areas. Express the area of each part as a unit fraction of the whole.
For example, partition a shape into 4 parts with equal area, and describe the area of each part as % of the
area of the shape.

A critical area of instruction at grade three is for students to describe and analyze two-dimensional
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shapes. Students compare common geometric shapes (e.g., rectangles and quadrilaterals) based on
common attributes, such as four sides (3.G.1). In earlier grades, students informally reasoned about
particular shapes through sorting and classifying based on geometric attributes. Students also built
and drew shapes given the number of faces, number of angles, and number of sides. In grade three,
students describe properties of two-dimensional shapes in more precise ways, referring to properties
that are shared rather than the appearance of individual shapes. For example, students could start
by identifying shapes with right angles, explain and discuss why the remaining shapes do not fit this
category, and determine common characteristics of the remaining shapes.

Students relate their work with fractions to geometry as they partition shapes into parts with equal
areas and represent each part as a unit fraction of the whole (3.G.2).

i Example 3.G.2

The figure below was partitioned (divided) into four equal parts. Each part is % of the total area of the figure.

Adapted from NCDPI 2013b.

Focus, Coherence, and Rigor

As students partition shapes into parts with equal areas (3.G.2), they also reinforce
concepts of area measurement and fractions that are part of the major work at
the grade in the clusters “Geometric measurement: understand concepts of area
and relate area to multiplication and to addition” (3.MD.5-7A) and “Develop
understanding of fractions as numbers” (3.NFA).

Adapted from PARCC 2012.

Essential Learning for the Next Grade

In kindergarten through grade five, the focus is on the addition, subtraction, multiplication, and
division of whole numbers, fractions, and decimals, with a balance of concepts, procedural skills, and
problem solving. Arithmetic is viewed as an important set of skills and also as a thinking subject that,
when done thoughtfully, prepares students for algebra. Measurement and geometry develop alongside
number and operations and are tied specifically to arithmetic along the way. Multiplication and divi-
sion of whole numbers and fractions are an instructional focus in grades three through five.
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To be prepared for grade-four mathematics, students should be able to demonstrate they have acquired
certain mathematical concepts and procedural skills by the end of grade three and have met the
fluency expectations for the grade. For third-graders, the expected fluencies are to add and subtract
within 1000 using strategies and algorithms (3.NBT.2), multiply and divide within 100 using various
strategies, and know all products of two one-digit numbers from memory (3.0A.7A). These fluencies
and the conceptual understandings that support them are foundational for work in later grades.

Of particular importance for grade four are concepts, skills, and understandings needed to represent
and solve problems involving multiplication and division (3.0A.1-44); understand properties of mul-
tiplication and the relationship between multiplication and division (3.0A.5—64); multiply and divide
within 100 (3.0A.7A); solve problems involving the four operations and identify and explain patterns

in arithmetic (3.0A.8-94); develop understanding of fractions as numbers (3.NF.1-34); solve problems
involving measurement and estimation of intervals of time, liquid volumes, and masses of objects
(3.MD.1-24); and geometric measurement—concepts of area and relating area to multiplication and to
addition (3.MD.5-7A).

Multiplication and Division

By the end of grade three, students develop both conceptual understanding and procedural skills of
multiplication and division. Students are expected to fluently multiply and divide within 100 and to
know from memory all of the products of two one-digit numbers (3.0A.7A). Fluency in multiplication
and division within 100 includes understanding and being able to apply strategies such as using mental
math, understanding division as an unknown-factor problem, applying the properties of operations,
and identifying arithmetic patterns. Students also need to understand the relationship between mul-
tiplication and division and apply that understanding by using inverse operations to verify the reason-
ableness of their answers. Students with a firm grasp of grade-three multiplication and division can
apply their knowledge to interpret, solve, and even compose simple word problems, including problems
involving equal groups, arrays, and measurement quantities. Fluency in multiplication and division en-
sures that when students know from memory all of the products of two one-digit numbers, they have
an understanding of the two operations—and have not merely learned to produce answers through
rote memorization.

Fractions

In grade three, students are formally introduced to fractions as numbers, thus broadening their under-
standing of the number system. Students must understand that fractions are composed of unit fractions;
this is essential for their ongoing work with the number system. Students must be able to place fractions
on a number line and use the number line as a tool to compare fractions and recognize equivalent frac-
tions. They should be able to use other visual models to compare fractions. Students also must be able
to express whole numbers as fractions and place them on a number line. It is essential for students to
understand that the denominator determines the number of equally sized pieces that make up a whole
and the numerator determines how many pieces of the whole are being referred to in the fraction.
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Addition and Subtraction

By the end of grade three, students are expected to fluently add and subtract within 1000 using strat-
egies and algorithms based on place value, properties of operations, and/or the relationship between
addition and subtraction (3.NBT.2). This fluency is both the culmination of work at previous grade levels
and preparation for solving multi-step word problems using all four operations beginning in grade four.

Students should be able to use more than one strategy to add or subtract and should also be able to
relate the strategies they use to a written method.
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California Common Core State Standards for Mathematics
Grade 3 Overview

Operations and Algebraic Thinking

e Represent and solve problems involving multiplication Mathematical Practices

and division. 1. Make sense of problems and persevere

e Understand properties of multiplication and the rela- in solving them.
tionship between multiplication and division.

2. Reason abstractly and quantitatively.
e Multiply and divide within 100.

e Solve problems involving the four operations, and £ Comsiiet \_"able STELTIENS EE| EiGLe
. . . L . the reasoning of others.
identify and explain patterns in arithmetic.
Number and Operations in Base Ten 4. Model w